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We present a quantum optical generalization of the quantum-matter Lewenstein model of high-harmonic
generation (HHG) in gases that contains two channels corresponding to the inter and intraband HHG in solids.
Both channels can be presented as a semiclassical current multiplied by the vacuum field strength, resulting in a
quantitative correction and a faster roll-off of the harmonic power with order than in previous theories. In gases,
like in solids, intraband HHG dominates at low orders; the switchover harmonic corresponds to a specific photon

energy, independent of pump wavelength.
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I. INTRODUCTION

Theories of the interaction of intense electromagnetic ra-
diation with matter predate the widespread use of intense
laser sources [1-3]. One strong-field laser phenomenon, high-
harmonic generation (HHG), was initially observed in gases
during the late 1980s and early 1990s [4-6] and has since been
extensively investigated for its applications, such as providing
a source of ultrafast coherent light and applications in attosec-
ond spectroscopy [7-10].

The exploration of HHG has expanded to solids [11], offer-
ing an extension of attosecond science to convenient tabletop
media [10,12-16]. HHG in solids had allowed for applica-
tions like probing various aspects of electronic band structure
[17-20], imaging transition dipole moments [21] and Berry
curvatures [22-24], as well as topological states of matter
[25,26] and phase transitions [27].

Recently, there has been growing interest in the quantum
optical aspects of HHG. This has opened a number of appli-
cations, such as generation of Schrodinger cat states [28—30],
photon bunching and antibunching [31-37], and generation of
squeezed light [35-37] from HHG with classical and nonclas-
sical light sources, such as bright squeezed vacuum [38—43].
It has also been shown that bound states may influence the
quantum nature of the emitted high-harmonic (HH) radiation
[44,45].

HHG is typically elucidated in atomic gases accord-
ing to Lewenstein’s seminal work [46]. This semiclassi-
cal approach—treating light classically and matter quan-
tum mechanically—considers oscillations of a field-induced
bound-continuum state dipole. It has an intuitive three-step
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explanation: An electron is ionized by a strong laser field, then
propagates within the field-dressed continuum, and finally
recombines with an ionic core, converting its excess energy
into ultrafast pulses of light with odd frequency multiples of
the driving laser’s frequency [9,46—48]. A similar mechanism
has been studied in solids, known as the interband mechanism,
where an electron is excited to a conduction band and a hole
is promoted to a valence band, and they propagate before
recombining to emit HH light [12,49,50,51].

In addition to the interband mechanism, there also exists
an intraband mechanism in solids [12,49]. This mechanism
describes the generation of harmonics as a response to charge
motion within individual electronic bands. The relation be-
tween the two mechanisms in atoms, analogous to interband
and intraband HHG in solids, has not been explored yet.

Finally, while semiclassical models reproduce HHG spec-
tra qualitatively very well, they are not quantitatively accurate.
This limitation arises from their neglect of vacuum elec-
tric field fluctuations, which are essential for a full quantum
description.

Here, we develop a quantum optical generalization of the
quantum-matter Lewenstein model, which yields the follow-
ing insights.

First, the quantum optical strong-field model inherently
contains interband and intraband currents for both gases and
solids. As such, it allows for a one-to-one connection between
HHG in gases and solids. In atoms, the intraband mechanism
is related to Brunel HHG [52].

Second, the quantum optical Lewenstein model yields
semiclassical currents multiplied by the vacuum electric field.
This is lost in semiclassical approaches, and allows for a close
to quantitative description of HHG, as long as a Coulomb
correction factor to ionization is included, and bound states
can be neglected.

Third, due to the frequency dependence of the vacuum
electric field, the frequency scaling of HHG is also dif-
ferent from semiclassical theories. This results in a faster
decrease of the harmonic power with order than in previous
theories.

Published by the American Physical Society
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Fourth, our analysis shows that, like in solids, the intraband
current in atomic gases is important. It is the dominant source
for low-order HHG in atomic and molecular gases. Provided
ionization is well into the tunneling regime, the crossover
harmonic between interband and intraband HHG relates to a
specific photon energy independent of the pump laser wave-
length.

Finally, the computational efficiency of the quantum opti-
cal Lewenstein model, in particular after using saddle point
integration [53], allows for efficient integration into macro-
scopic phase matching models and thus, a scalable, close to
quantitative description of HHG experiments in atomic and
molecular gases. This makes it a valuable tool for the design
and interpretation of experiments.

II. DERIVATION OF THE PHOTON WAVEFUNCTION

To model the problem, we introduce the Hamiltonian H =
H,, + Hy + H;, where

N f)2
H,=—+V(), (1)
2m
Hp =) houala, @
H; =rle|F(x) 3)

are the matter, field, and interaction Hamiltonians, respec-
tively. Here, p represents the momentum operator, r defines
the relative coordinates, and x defines the center of mass
coordinates. Further, m and |e| define the electronic mass
and charge, respectively. The creation and annihilation oper-
ators @’ and @, correspond to the electromagnetic field mode
k = (k, s), with wavevector k and s = 1 or 2 labeling two
orthogonal unit vectors that define the polarization basis of the
light field. The quantized electric field and vector potential are
given by

Fex)=i) neocec@e™ —afe™).  (4a)
Ax) =) neec(ace™ +afe ™), (4b)

respectively, where e, is the unit vector along the polariza-
tion direction, n, = +/h/RwregV) is the vacuum vector field
amplitude, wy is the mode frequency, &y is the vacuum permit-
tivity, and V is the quantization volume.

We use the strong field and dipole approximations, con-
sidering a hydrogen-like atom with a ground state |0) and
continuum states |p) = 1/(2n %)% exp((i/h)pr) [1,10,54].
Doing so, we utilize the Ansatz

[W()) = 10) ® [¢o(1)) +/d3p|p> ®lgp(®),  (5)

where photon quantum states |¢o(¢)) and |¢p(7)) are asso-
ciated with the ground and continuum states, respectively.
By determining the evolution of |¢g(?)) with the Schrodinger
equation,

ihd,|W(t)) = H|W(t)) = (H, + Hy + H)|¥()), (6)

we can measure HHG using the photon number expectation
value (1) (t) = (¢o(t)|71|¢o(t)). To measure HHG, Eq. (5) can

be generalized to many atoms [43], but for clarity, we high-
light the single-atom case here.

We simplify solving the Schrodinger equation by using the
transformation |¢;(¢)) = ﬁlﬁjljﬂ@(r)) (I =0, p), where

Ui = exp(=iHyt/h), o)
U, = exp(ile|rA/h), 8)

Dy = exp (Z @l — a:aK> )

K

consist of the interaction picture operator, the velocity gauge
operator, and the displacement operator over modes of the
driving laser field, respectively. Here, o, corresponds to the
single-mode complex coherent state amplitudes. This sepa-
rates the strong driving laser field and quantum optical fields,
excluding the fundamental harmonic in HHG analysis. The
electric field splits into F() = F(r) + F(r), with F(r) treated
classically and F(r) quantum optically. Similarly, A(t) =
A(r) + A(t) and Rabi frequency Q(r) = |e|d(p,)F(t)/h =
Q(r) + Q(t) with p, = p + |e|.A(r) and transition dipole mo-
ment d(p) = (p|r|0) [54,55]. Evaluating the Schrodinger
equation leads to the coupled differential equations,

ihd;|go(1)) = Eoleo(t)) + i f d*p (1) lgp(t)), (10a)

le]

1 .
ih;lep(1)) = (ﬁp? + ;pfA(t)>l<pp(t)>

+ Q1) 9o (). (10b)

In the process of obtaining of Eq. (10), we noted that the
quantum fields clearly present a perturbation to the intense
pump field. As a result, we introduced the following approx-
imations: (1) We expanded the dipole moments with regard
to the operator arguments to first order, d(p, + |e|A(t)) ~
d(p,) + lel[(A()Vp)d(p)lp,, where p, = p + |e[A(7). While
we do not carry along the first-order contribution in this
work, we keep in mind that it is there. (2) We approximated
(P + lelA(1))* ~ p; + 2p;|e|A(r).
Equation (10b) is integrated by using the Ansatz

lop(0)) = Dy (1) eXP<i/8/dt/> |@p (1)), an

where the displacement operator

Di(t) =exp (— > ol - a:&,() (12)

consists of

le|Ey_
h

o (t) = G (e et (13)

—7 t ) ,
T (1) = — | e ar, (14)

mawy o

with E, = wgn, as the vacuum electric field amplitude, o, ()
defines the dressing of continuum electrons with coher-
ent state radiation modes. Finally, the phase contribution is
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determined by
1
igdt) = E[—z%/ dt’ p,/A(t) —lup,A(t):|
=iy _Im[s, (t)a (0)]. (15)

As a result of Ansatz Eq. (11) with Eq. (10b), after trans-
forming back we find,

— ! / _L ! 2 . /
lop()) = z/to dt exp( th‘/ﬂ prd‘l!-i-lg(l‘,t))

x Q") Dy (1, 1) |9o(t)), (16)
where

g(t’,t)zf dydr +¢'(t', 1) (17)
with,

g, = (}L |) |:/drprA(r) /dtp,A(t):|
= Zlm[a,((t/)q(*(t)] (18)

is a quantum vacuum phase term that can be neglected (see
Appendix B of the Supplemental Material [55]).

Using Egs. (10a) and (16), we arrive at the Volterra integro-
differential equation

dleo(t)) = — / d’peé

Z,(l)/ dt'ey(1)]eo ("), 19)

where
&p(t) = SOD! (1) exp (iS(1)) (20)
with
sor= L [(P 15 )a 21
(t>—ﬁ/[0 <ﬁ+ 0) . @)

the classical action.

III. ONE-PHOTON OPERATOR CONTRIBUTION

While numerical methods [37] like the variational iteration
method (see Ref. [56]) can solve equations like Eq. (19),
we use a simpler approximation for clarity. Following the
Lewenstein approach for ground state depletion, we assume
the photon wavefunction varies slowly and can be extracted
from the integral [46]. The resulting differential equation of
motion is

dilpo(1)) ~ (3H(1))lgo()). (22)

Integration of Eq. (22) by the method of Magnus and Fer [57]
results in

loo (1)) & exp(h(1))lgo(to)), (23)

t t
h= _/d3p/dt’ e;(t’)fdt” &pt"), (24)
T Iy

with higher-order Magnus and Fer expansion contributions
neglected.

Additionally, assuming first-order expansion of the opera-
tor expressions in Eq. (24), we find, after integration by parts,

o0
RES f d’p / dr' (& G = &GP, (25)
to

where we also have let t — oo. Further,

eV () = Q)e?, (26)

&) = 3 (€ t) — )61 @n

represent zero- and first-order expansion components of ¢,
in terms of creation and annihilation operators, and we have
introduced Cy(r) = [*__dr'ed’ (') (j =0, 1). In Eq. (27),
G.(t) = o, (t )&I — o) (t)ay, and Q. () is the k mode compo-
nent of Q(1).

Finally, using Egs. (25) and (23), we find that the ground-
state photon wavefunction can be worked out to be,

Ipo()) ~ exp (Z hea — hﬁak) lpo)).  (28)

where &, is the coherent state parameter that we will define
in Egs. (29) and (30) below. Assuming the initial state of
the system is vacuum |¢o(f9)) = |v), Eq. (28) represents a
coherent state.

IV. CONNECTION TO SEMICLASSICAL
ANALYSIS OF HHG

A. Connection to Lewenstein’s model

To connect with semiclassical analysis of HHG, the coher-
ent state parameter 2, = h|. + h; involves two channels

E, o
i = Ao [ greten—x (), (29)
K hi
-0
E, [ .
B = _l “/ dte“wk’*k")/d3p5k(z)[rp(t)+c.c.],
(30)
with
t
x(t):ZRe[i / d? pd*(p,)e5® / dt’Q(t’)eiS("):|, (31)
-0
t
Tp(t) = Q*(t)e 5@ / dr'Qt)es . (32)
—0o0

Here, x(r) in Eq. (31) is Lewenstein’s time-dependent
dipole, which describes charge oscillations due to polarization
buildup between the atomic ground state and electronic con-
tinuum states [46]. Equation (32) is the momentum-dependent
complex ionization rate, related to the full complex ionization
rate y(t) = f d? pIp(t), as defined in Lewenstein’s work [46].
Note that in numerical calculations involving Eqgs. (29) and
(30) we use a filter to suppress electron returns longer than
a half-cycle following ionization as the shorter trajectories
are dominant in HHG in atomic gases (see Appendix C of
Supplemental Material [55]).

The first mechanism, Eq. (29), resembles the Fourier
transform of x(¢r) of Eq. (55) from Lewenstein’s work
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corresponding to polarization generated by the quantum in-
terference between the laser-accelerated continuum electron
and the atomic ground state. Equation (29) differs from
Lewenstein’s model through the harmonic frequency factor
E, x a)li/ ? due to vacuum fluctuations, affecting polarization
buildup and HHG.

The second mechanism, Eq. (30), resembles the Fourier
transform of the complex ionization rate y(t) = f d? plp(t)
of Eq. (52) of Lewenstein’s work [46]. Unlike the time-
dependent dipole x(¢) found in the first channel, Eq. (29),
this source was not studied there as a source of HHG.
Equation (30) allows HH emission through (1) ionization non-
linearities from I'p(¢) and (2) from dressing of the continuum
electron as a coherent state, quantified by the parameter &, ()
[44]. The formalism and the equations introduced up to now
have been derived in Ref. [43]. There, the focus was on HH
emission resulting from Eq. (29). Below, we analyze HH
emission from Eq. (30), and we formally show the correspon-
dence with intraband and interband currents.

B. Connection to interband and intraband HHG in solids

Although links between the quantum optical channels
in Egs. (29) and (30) and Lewenstein’s work are estab-
lished, there is a broader connection between quantum optical
and semiclassical models. By using properties of Fourier
transforms and integration by parts (see Sec. III of the
Supplemental Material [55]), Egs. (29) and (30) can be
rewritten as

h:{ _ M€ e—ikx/ dteiw’“’je,(t), (33)
i oo
; 00
I e T g / d1e ™, (1), (34)
where
Jer (1) = lelX(t), (35)
Jrat) = / d’ pv(p))|bp(t)| (36)

represent the time-dependent interband and intraband cur-
rents, respectively. Such currents were previously studied
semiclassically as mechanisms of HHG in solids [12,49,50].
Here, we define x(r) = 9;x(¢), as the time-dependent dipole
velocity, v(p;) = Vp(p2 /2m)|p=p, = P;/m as the continuum
velocity, and |bp(t)|2 as the electronic continuum population
with continuum amplitude by (t) = ie™5® [*_ dt'Q(t")e’S®,
of the ground-continuum wavefunction as in Ref. [46].

We observe that the quantum optical results of Eqgs. (33)
and (34) consist of semiclassical currents times a factor with
Ne X a)k_]/ 2 resulting from vacuum fluctuations. So far, no
studies have examined the relation between these two mecha-
nisms in atoms, which is analogous to interband and intraband
HHG in solids.

To clarify how the interband current [Eq. (35)] and intra-
band current [Eq. (36)] defined for gases relate to the theory
of solids, we assume a simple two-band, single-active electron
bulk solid model [12,58]. Such a model provides a simple
template to qualitatively examine the physics in comparison

with atomic gases. We note, however, that such a model is
limited quantitatively due to its neglect of additional physics
such as many-body effects. These effects include noise that
can modify ionization [59] and, further, HHG [60]. Further-
more, excitonic effects, such as those analyzed using ab initio
methods in Ref. [61], are ignored here. Finally, for a survey of
effects in more complex systems and quantum materials, we
refer the reader to the review article Ref. [14].

In order to facilitate the demonstration of these connec-
tions, let us write here some correspondences between atomic
gas systems and two-band solid systems:

p — k€ BZ, (37a)
2

Eo + o, e(k) = E.(k) — E,(k), (37b)
2m

v(p) — v(k) = i 'Vie(k), (37¢)

dip) — dKk)=i f d’xu}  (X) Vit k(). (37d)

That is, ionized electronic momentum p is replaced with the
crystal wavevector k (or crystal momentum /Kk) within the
Brillouin zone (BZ), where all physics for k ¢ BZ can be
remapped to. Further, the atomic ground state and electronic
continuum energies are replaced with the valence band E, (k)
and the conduction band E.(k), respectively. e(k) describes
the energy difference between these two bands. The contin-
uum electronic velocity v(p) = p/m is analogous to the band
difference velocity, or more simply, the band velocity v(k).
Note that both the valence and conduction bands have veloc-
ities associated with them due to their curvatures in k space.
This is not the case with an atomic system where only the
ionized electron motion contributes to the system’s velocity.
Finally, the ground-continuum transition dipole d(p) in a gas
is replaced with the valence-conduction transition dipole d(k),
as in Eq. (37d), where u,, x(x), m = v, ¢ are Bloch functions
that correspond to periodic parts of crystal wavefunctions.

Next, with the connections established of Eq. (37), the in-
terband current is generated by polarization accumulation due
to dipole coupling of valence and conduction bands d(k). In
gases, the intraband is term related to the Brunel mechanism
[52]. In a solid, as the band velocity v(k) is in general a non-
linear function of Kk, intraband HHG is driven by ionization
and band velocity nonlinearities [12,58].

V. HIGH-HARMONIC PHOTON
NUMBER EXPECTATION VALUE

We explore the two HHG mechanisms in the quantum
optical context, as indicated in Egs. (29) and (30), by exam-
ining their influence on harmonic photon yield across varying
wavelengths. The total photon yield is given by

W=7

s=1,2

Gn 7 /d3k|h,(|2. (38)

By assuming the quantization volume V — oo, that p; || k;
and that one of the polarization basis vectors is contained in
the plane of k and p,, we find that the photon expectation value
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variation with harmonic frequency, and the total yield about a
given harmonic N are given by

@y Vo
d_a)k = 3]T2C3 |hK| 9 (39)
v O/ o
Ay = —— f dowlli s (40)
Y3263 Jvsi e ¢

respectively (see Sec. IVA of the Supplemental Material [55]).
Here, h, = h, csc6 is independent of the polar angle 6 with
wavevector K. In addition, note that the factor V cancels out
with a factor of 1/V from n? contained in |4, |*.

A. High harmonic spectra

We now investigate HHG in argon gas driven by a strong
linearly polarized laser field with a Gaussian temporal en-
velope (full width at half maximum of 5 cycles) and a peak
intensity of 3.5 x 10'* W/cm?. The total photon yield is cal-
culated as a function of harmonic order [Eq. (40)] for the two
mechanisms described in Eqs. (33) and (34), using driving
wavelengths of 1.05, 2.1, 3.05, and 4.2 um, and a simple
Coulomb correction factor for ionization (see Appendix E of
the Supplemental Material [55] and Refs. [62,63]).

Figures 1(a) and 1(b) show the full harmonic spectra
up to the harmonic cutoffs (black dashed lines), deter-
mined by the cutoff energy, Ey.x = Eo + 3.17U,, where U, ~
le|>FZ /4mwj is the ponderomotive energy given a driving
frequency @y and maximum amplitude F [46,47]. Panels (c)
through (f) focus on the low-order harmonics with dashed
lines indicating the harmonic orders corresponding to the ion-
ization energy for each wavelength.

Observing these spectra, the interband quantum optical
channel, Eq. (29), is dominant throughout most of the spectra,
especially in the HH plateaux, with cutoffs consistent with
semiclassical atomic gas results [46—48,64—67].

In our argon model gas, the lowest order harmonics are
driven by the intraband mechanism of Eq. (30), with intraband
dominance increasing with wavelength. The intraband domi-
nance noticeably occurs for more harmonics as wavelength is
increased.

Finally, we note that experiments tend to measure HHG
qualitatively, in terms of arbitrary units. Our theory is relevant
for experiments that provide quantitative measurements of the
signal such as using HH photon counts. According to the
theory, we have outlined, the vacuum field HH frequency scale
factor is a necessary component of the quantitative spectrum.
Future experiments that utilize quantitative measurements
could potentially detect the effect of the vacuum scale factor.

B. Harmonic of crossover of dominant HHG source

To compare the quantum optical intraband and interband
analogous mechanisms as a function of the driving laser’s
wavelength, we plot the “crossover harmonic” (the highest
harmonic where the & spectrum is greater than or equal to
the &, spectrum) in Fig. 2 based on Fig. 1. A linear trend
of one plus the crossover harmonic with laser wavelength is
observed, amounting to a constant photon energy of 5.195 eV.
This allows for predicting where the intraband mechanism

Q - =
2102271 |
Z1020 1 o :
(a8 10_26 | G, A =105um  eh, N\ =105um ¢h,\=21pm e~ N\ =21pum
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< 1016 k
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- 1078 Ao = 1.05 pm] |2 Xo = 2.1 pm |2
glo'lo L] (C) i? .(d) i?
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°
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.
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210" o b 7|
S04 e ] e %
g 10—16 .0 | *e |
E 10-18 I, ..o‘. i o ".‘::“0‘“”’“‘“7}
a 10 ooo'....w ---........ i
1020 \ oeed

1 9 17 25 33 411 9 17 253341 49

Harmonic order Harmonic order

FIG. 1. Harmonic spectra, calculated via Eq. (40), for wave-
lengths 1.05 wm (a), (c), 2.1 um (a), (d), 3.15 um (b), (e), and
4.2 um (b), (f), using a Gaussian temporal pulse (5-cycle temporal
FWHM) with intensity 3.5 x 10"*W/cm? in argon gas. Panels (a),
(b) show full spectra up to the harmonic cutoffs (black dashed lines),
while panels (c)-(f) focus on spectra below the ionization energy
(vertical red lines). &, (interband) mechanism: orange (1.05, 3.15
um) and purple (2.1, 4.2 um) diamonds. 4, (intraband) mechanism:
green (1.05, 3.15 um) and blue (2.1, 4.2 um) circles.

will dominate, enabling experiments in gas to explore and tune
the dominant mechanism.

C. Crossover harmonic and the Keldysh parameter

We now explore how the crossover harmonic might de-
pend on the ionization regime. The Keldysh parameter,
y = wov/2mEy/|e|Fp, defines the ionization regime for a gas
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18

16 |
14

12

Crossover harmonic
—
=)
:

41 (Crossover + 1) = (4.19 um™) g

1 1.5 2 2.5 3 3.5 4
Laser wavelength \g (um)
FIG. 2. Comparison of the crossover harmonic (orange crosses),
defined as the highest odd harmonic for which the % (intraband)
mechanism [Eq. (34)] is greater or near to equal to the 4 (interband)

mechanism [Eq. (33)] for wavelengths as in Fig. 1. A teal linear
trendline and its corresponding equation are also plotted.

in the presence of a strong laser field [1,54]. The three regimes
that are often utilized are y <1, y & 1, and y > 1 repre-
senting the tunneling, intermediate, and multiphoton regimes,
respectively.

In Fig. 3, we analyze how the the crossover harmonic as de-
fined in the previous subsection varies for selections of driving
field wavelengths less than 5 um for fixed Keldysh parameters
within different ionization regimes. The Keldysh parameter is
held constant by adjusting the laser field amplitude to account
for the wavelength change. In panels (a) through (c), we use
5-cycle pulses, while in panel (d), we use a 7-cycle pulse to
account for a low amplitude field at longer wavelengths.

By examining Fig. 3(a), we see that relatively deep in
the tunneling regime (y = 0.2) the crossover harmonic seems
to be proportional to wavelength. As for the other three
panels, demonstrating a milder tunneling regime (y = 0.35),
an intermediary regime (y = 1) and a mild multiphoton
regime (y = 1.3), and the nature of the dependences is less
clear.

Now, let us compare Fig. 3(a) with Fig. 2. We notice
that both cases display apparent linear trends with wave-
length. Figure 2 differs in that the laser field is fixed rather
than the Keldysh parameter. There, the Keldysh parameter
ranges from approximately 0.46 to approximately 0.11, with
second-highest Keldysh parameter being approximately 0.23.
Therefore, of the regimes shown in Fig. 3, the regimes in
this figure are most like that of Fig. 3(a). Further, based
on the similarity between the two trends, our results sug-
gest that deep enough into the tunelling regime, for the
wavelength range we considered, wavelength is the dominant
modifier of the crossover harmonic. Due to the linear trend
of crossover with wavelength, it is also related to a constant
energy.

11 : . -+ .
5 (a) + v=0.2
2 ¢ + + 1
2 +
S 3+ -
N/A : : :
11 : . ; .
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FIG. 3. Crossover harmonic variation for a sample of wave-
lengths for fixed Keldysh parameters, y = wo~/2mEg/|e|Fy as
displayed in the panels. The Keldysh parameter is fixed by varying
the laser field amplitude as wavelength varies. We use a 5-cycle pulse
for all panels except for panel (d), where we use a 7-cycle pulse.
“N/A” indicates that no crossover was seen in the range considered.

VI. CONCLUSION

In conclusion, we demonstrated that, in gases, quantiz-
ing the electromagnetic field naturally produces mechanisms
analogous to semiclassical interband and intraband HHG in
gases and solids. The intraband HHG term in gases is driven
by the ionization nonlinearity, as the continuum does not have
any nonlinear properties, unlike the valence and conduction
bands in solids. The quantum optical model accounts for
vacuum fluctuations, which result in an additional factor, the
vacuum electric field, modifying magnitude and wavelength
scaling of previous classical-light, quantum-matter theories.
We found that interband analogous mechanisms dominate the
HH plateau in atoms, while intraband analogous mechanisms
dominate low-order harmonics. Provided the process is well
into the tunneling regime, the crossover between the two
channels relates to a constant photon energy independent of
the wavelength of the driving laser.
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