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Abstract

The spectral phase of high harmonic and attosecond pulses is typically shaped by the in-
teraction of the recollision electron with the strong field in the continuum. However, the
phase of the transition moment coupling bound and continuum states can be significant
in shaping the emitted radiation. The measurement of transition moment phase shifts can
reveal information about attosecond electron dynamics and structure. Here, I demonstrate
that all-optical approaches to attosecond measurement, based on perturbing recollision with
a weak infrared field, are sensitive to transition moment phase shifts arising from electronic
structure and multielectron interaction using analytical theory, ab initio simulation, and
experiment. The insensitivity of all-optical approaches to transition moment phase shifts
arising from ionic structure is found to be a result of a first-order cancellation of the effect of
the perturbing field on the recollision electron wave packet and the transition moment. Prior
to these findings, it was widely believed that all-optical methods were insensitive to the tran-
sition moment phase. The insensitivity of all-optical measurement to both ionic structure
and propagation effects will permit for the unambiguous isolation of electron structure and
multielectron interaction in attosecond measurement. These results will allow any laboratory
capable of generating attosecond pulses to perform measurements of the transition moment
phase without an additional experimental apparatus, even at wavelengths where the single
photoionization cross-section becomes small.
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Résumé

La phase spectrale des impulsions harmoniques d’ordre élevé et attosecondes est généralement
façonnée par l’interaction de l’électron de recollision avec le champ fort dans le continuum.
Cependant, la phase du moment de transition couplant les états liés et le continuum peut
jouer un rôle important dans la formation du rayonnement émis. La mesure des décalages de
phase du moment de transition peut révéler des informations sur la dynamique et la struc-
ture des électrons attoseconde. Je démontre ici que les approches tout-optiques de la mesure
attoseconde, basées sur la perturbation de la recollision avec un faible champ infrarouge, sont
sensibles aux déphasages du moment de transition provenant de la structure électronique et
de l’interaction multi-électronique en utilisant la théorie analytique, la simulation ab initio et
l’expérience. L’insensibilité des approches tout-optique aux déphasages du moment de tran-
sition résultant de la structure ionique est le résultat d’une annulation de premier ordre de
l’effet du champ perturbateur sur le paquet d’ondes électronique de recollision et le moment
de transition. Avant ces résultats, on pensait généralement que les méthodes tout-optiques
étaient insensibles à la phase du moment de transition. L’insensibilité de la mesure tout-
optique à la structure ionique et aux effets de propagation permettra d’isoler sans ambigüıté
la structure électronique et l’interaction multi-électronique dans la mesure de l’attoseconde.
Ces résultats permettront à tout laboratoire capable de générer des impulsions attosecondes
d’effectuer des mesures de la phase du moment de transition sans appareil expérimental
supplémentaire, même à des longueurs d’onde où la section transversale de photoionisation
unique devient faible.
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Chapter 1

Introduction

Figure 1.1 – When subjected to an intense field, an electron (red) bound by an ionic
potential (blue) can tunnel into the continuum, depicted by the lower oscillating red curve.
The resultant wavefunction consists of bound and freed components. Accelerated by the
field, the continuum portion of the electron wavefunction can return (upper oscillating red
curve) to its parent ion and interfere with the bound component. This interference leads to
a rapidly oscillating dipole moment and the emission of attosecond pulses.

Interference is one of the most fundamental means through which physical processes are
measured and is a characteristic of the wave-particle duality which distinguishes quantum
mechanical and classical descriptions of matter. Recollision, a process often described using
classical language [1], is a result of quantum interference [2]. This is depicted in Fig. 1.1.
When a sufficiently strong electric field is incident on a quantum system, an electron (red)
bound by a potential (blue) may tunnel into the continuum, resulting in a wavefunction
containing both bound and free components. Once freed, the component of the electron
wavefunction in the continuum is accelerated by the strong field (red arrow) and is first
driven away from its parent ion and then driven back towards it. As the continuum wave
packet overlaps with its parent ion, the interference of the bound and freed components of
the wavefunction results in a rapidly oscillating dipole moment. The radiation emitted by
this process, known as high-harmonic generation (HHG), can span huge bandwidths, and
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a b

Figure 1.2 – (a) The attosecond pulse spectra generated by a single-cycle driving field of
wavelength 1.8 µm and peak intensity of 1 × 1014 W/cm2 from a hydrogenic atom with a
nuclear charge of 1.078 (blue) and an argon atom (red). Both atoms have an ionization
potential of 15.8 eV. The hydrogenic atom has a slowly varying transition moment and its
spectrum exhibits a broad plateau until the cutoff energy near 100 eV. The argon atom,
however, exhibits a spectral minimum near 50 eV in its transition moment and attosecond
pulse spectrum known as the Cooper minimum. (b) The group delay of the attosecond pulse
spectra in (a). The hydrogenic atom group delay varies linearly with energy throughout the
plateau and is shifted for clarity. The group delay of argon is similar to that from hydrogenic
atom, but exhibits a deviation from the linear group delay around 50 eV due to the Cooper
minimum. Short trajectories are selected through the use of absorbing boundaries [5].

has become a widely used source of coherent XUV and soft X-ray light and attosecond pulses.

Our understanding of recollision comes from the theoretical work of Kulander et al. [3]
and the publication of the seminal three-step model by Corkum in 1993 [1]. These works
showed that an electron which tunnels into the continuum in the presence of a strong field
follows trajectories dictated by the field, recollides with its parent ion, and emits an XUV
photon (see Appendix B). Shortly after, a quantum mechanical theory, which has become
known as the strong field approximation (SFA) or the Lewenstein model, placed the classi-
cal model on a rigorous quantum mechanical foundation [2]. A path-integral approach [4]
to solving the time-dependent Schrödinger equation (TDSE) within this model gives rise
to recollision trajectories which coincide with those from the classical model. Components
of the continuum electron wavefunction which deviate from these classical trajectories are
suppressed by destructive interference. Only the components of the recollision electron wave
packet which resemble classical trajectories interfere constructively and contribute to the
observed dipole radiation.

In most systems, these dominant components and, thereby, the spectral phase of the
emitted radiation are typically determined by the interaction of the continuum electron with
the strong field. This gives rise to an inherent quadratic chirp in attosecond pulses com-
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monly known as the atto-chirp [6]. An exemplary attosecond pulse spectrum calculated from
a hydrogenic atom with an ionization potential of 15.8 eV (with a nuclear charge of 1.078)
driven by a single-cycle 1.8 µm driving field of peak intensity 1 × 1014 W/cm2 is shown in
Fig. 1.2 (a) by the solid blue line. The spectrum exhibits a plateau structure characteristic
of recollision processes until a cutoff energy near 100 eV. The group delay (i.e. the frequency
derivative of the spectral phase) is shown in Fig. 1.2 (b) by the blue line and exhibits a
linear slope associated with the atto-chirp.

In more complex systems, however, the shape of the ionic potential, the bound electron
wavefunction, or interactions of the recollision electron with the system’s other electrons can
result in complex phase structures being imprinted onto the emitted radiation through the
transition moment coupling bound and continuum states [7, 8, 9]. An example of this is the
Cooper minimum in argon, a spectral minimum in high harmonic spectra which results from
the nodal structure of the 3p orbital radial wavefunction. This minimum occurs due to a
sign-change in the 3p radial orbital, equivalent to a π phase-shift, being imprinted onto the
transition moment. The effect of this on attosecond pulse generation is depicted in Fig. 1.2.
The attosecond pulse intensity spectrum from a model argon atom in (a) (red) exhibits a
spectral minimum near 50 eV and the group delay in (b) (red) deviates from the expected
atto-chirp around the spectral minimum due to the transition moment phase shift. The
interference of the continuum and structured bound state, as observed through the dipole
moment, reveals information about the electronic structure of the ground state wavefunction.

Transition moment phase shifts such as these are ubiquitous in nature and can provide
a wealth of information regarding the electronic structure of matter. They may arise from
ionic structure (e.g. two-centre interference [10]), electronic structure (e.g. Cooper minima
[7]), or multielectron interaction (e.g. the giant dipole resonance in xenon [8]). Within
recollision, they have been observed in atomic, molecular, and solid-state systems and are
typically measured through the effect of the transition moment on the group delay of at-
tosecond pulses or ionization induced by attosecond pulses. Since recollision appears to be a
universal response of matter to strong fields [2, 11, 12], measurements of these phase shifts
during recollision will be important in nearly all areas of physical chemistry.

The conventional approach to measuring transition moment phase shifts in attosecond
science consists of using an attosecond pulse to photoionize a medium in the presence of
a co-phased infrared field. Such measurements have provided tremendous insight into elec-
tronic structure and dynamics [13, 14, 7]. However, their implementation can be challenging.
The requirement for an attosecond pulse to photoionize a target medium necessitates large
pulse energies. Since recollision is an inherently inefficient XUV generation process [15], this
requires the use of sophisticated femtosecond laser sources to generate energetic attosec-
ond pulses. Further, it is required that these pulses be well separated from the infrared field
which drove their generation and, thus, spectral filters which diminish the useable attosecond
pulse energy for measurement are required. This problem will be exacerbated as attosecond
science progresses towards studying processes at higher energies [16]. This follows from two
separate phenomena: (i) photoionization cross-sections rapidly decrease with photon energy
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[17] and (ii) the generation of attosecond pulses at high frequencies requires long wavelength
λ0 driving lasers (since the maximum photon energy ∝ λ2

0 [2]) and the efficiency of HHG
scales as λ−6.3±1.1

0 [18].

An alternative approach to attosecond measurement was proposed and demonstrated in
2006 by Dudovich et al. [19]. By perturbing the recollision process with a weak infrared field,
a controlled phase shift can be imparted onto the recollision electron. Varying this phase
shift results in a modulation of the observed attosecond pulse spectrum and these modu-
lations contain information about the recollision process. This measurement is performed
entirely optically, both simplifying and improving the efficiency of attosecond measurement.
While this all-optical approach to attosecond measurement is significantly more efficient
than photoionization-based measurement, it has not been widely adopted within attosecond
science because it is believed that these all-optical measurements are insensitive to transition
moment phase shifts. It is believed perturbations of the recollision electron wave packet do
not affect recombination dynamics sufficiently to be observable [9]. This is supported by
numerical studies comparing photoionization-based and all-optical measurements in a di-
atomic molecular system, which exhibits a spectral minimum and transition moment phase
shift due to two-centre interference [9]. While this study showed that photoionization-based
measurement was sensitive to the transition moment phase shift, it was completely absent
from the all-optical measurement.

If we consider again how interference manifests in recollision, however, it is not clear why
this should be the case. The components of the recollision electron wave packet which domi-
nate dipole emission are those whose phase is complementary to both the strong field driven
dynamics in the continuum and the bound-state to which the recollision electron recombines.
In simple systems, the transition moment phase is slowly varying and has virtually no effect
in determining which components of the recollision electron wave packet constructively in-
terfere when compared with the strong field in the continuum [2]. In systems with a rapidly
varying transition moment phase shift, however, the variation of the transition moment
phase over a given energy range can be on the same order as that of the phase accrued by
the electron in the continuum. In such cases, only the components of the recollision electron
wave packet which are appropriately phased with respect to both the strong-field continuum
dynamics and the transition moment phase will interfere constructively and contribute to
dipole emission. In other words, the transition moment affects which components of the
recollision wave packet dominate dipole emission and, thus, its effect should manifest in an
all-optical measurement.

In this thesis, I demonstrate that all-optical attosecond measurement is sensitive to the
transition moment phase. This sensitivity, however, depends on the nature of the transition
moment phase shift and how it affects recollision trajectories. In particular, I demonstrate
that all-optical methods are insensitive to transition moment phase shifts arising from ionic
structure because these phase shifts arise from a quantum path interference of recollision
trajectories which vary slightly from trajectories in a simple atomic system. In contrast,
transition moment phase shifts arising from electronic structure and multielectron interac-
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tion affect recollision trajectories and can be measured. I do this using analytic models,
ab initio simulation, and experiment. These results suggest new routes towards attosecond
measurement of electron dynamics related to transition moment phase shifts and multielec-
tron interaction using experimental systems available to any laboratory capable of generating
high harmonic radiation.

The structure of this thesis is as follows:

— Chapters 2 and 3 introduce concepts of strong field physics and attosecond pulse mea-
surement relevant to this thesis.

— The theory used in describing recollision in multielectron systems and its numerical
implementation are described in Chapters 4 and 5.

— The measurement of transition moment phase shifts in single-active electron systems
using all-optical techniques is discussed within the SFA in Chapter 6.

— Time-dependent Schrödinger equation simulations of in situ measurement in one-
dimensional systems with transition moment phase shifts due to ionic structure and
multielectron interaction are investigated in Chapter 7.

— Experimental and ab initio simulated all-optical measurements of the transition mo-
ment phase around the Cooper minimum in argon are presented in Chapter 8.

— The spectral characteristics of attosecond pulses generated in xenon around the giant
dipole resonance and their all-optical measurement are investigated in Chapter 9.

— Chapter 10 summarizes the conclusions of this work and discusses the outlook for
all-optical measurement within attosecond science.

Hartree atomic units (i.e. ~ = me = e = 1) are used throughout, unless otherwise stated.
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Chapter 2

Introduction to Strong Field Physics

Outline: In order to describe the all-optical measurement of recollision dynamics, it
is first necessary to introduce the formalism of the Lewenstein model of recollision and
high harmonic generation (i.e. the strong field approximation).

I first consider a system of electrons described by the state |Ψ(t)〉 at time t. The dynamics
of the system are governed by the time-dependent Schrödinger equation (TDSE):

i
∂

∂t
|Ψ(t)〉 = Ĥ(t) |Ψ(t)〉 , (2.1)

where Ĥ(t) is the Hamiltonian operator which describes the total energy of the state |Ψ(t)〉.
From this, the time evolution of the state between times t0 and t can be described using a
propagator operator, Û(t, t0):

|Ψ(t)〉 = Û(t, t0) |Ψ(t0)〉 . (2.2)

From eq. (2.1), the propagator operator must satisfy the following:

Û(t0, t0) = Î, (2.3)

Û(t, t1)Û(t1, t0) = Û(t, t0), (2.4)

i
∂Û(t, t0)

∂t
= Ĥ(t)Û(t, t0). (2.5)

The formal solution for Û(t, t0) is the exponential of the time-ordered integration of the
Hamiltonian between times t0 and t:

Û(t, t0) = exp

[
−i
∫ t

t0

Ĥ(τ)dτ

]
. (2.6)

In order to describe recollision, it is first necessary to establish the electronic system and
introduce necessary approximations. I consider a single-active electron (SAE) in an atom
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or molecule interacting with a strong electric field. Within the SAE approximation, it is
assumed that only a single electron is influenced by the strong field and all other electrons
are frozen. The Hamiltonian describing this system is composed of a static component, Ĥ0,
which describes the interaction of the electron with the ion and a time-dependent component,
Ĥint(t), which describes the interaction of the electronic system with the strong field:

Ĥ(t) = Ĥ0 + Ĥint(t). (2.7)

The static component of the Hamiltonian is defined as follows:

Ĥ0 =
k̂2

2
+ v0(r), (2.8)

where k̂ = −i∇r is the momentum operator, r is the electron position, and v0(r) is the
potential felt by the electron due to the ion. The interaction of the electron with the strong
field is described within the length gauge and dipole approximation, such that

Ĥint(r, t) = −d̂ · F(t), (2.9)

where d̂ = −r̂ is the dipole operator and F(t) is the electric field at time t.

I assume that the electron is initially in its ground state |ψ0〉 with energy E0 at time
t0. The temporal evolution of the system between times t0 and tr can be partitioned into
times before and after the strong field turns on at time tb. As will be demonstrated below,
the times tb and tr correspond to the times of ionization and recombination for recollision
trajectories. Between times t0 and tb, the propagator is found from the static Hamiltonian,
Ĥ0:

Û0(tb, t0) = exp

[
−i
∫ tb

t0

Ĥ0 dτ

]
. (2.10)

Between times tb and tr, the strong field is present and the propagator Û(tr, tb) is determined
by the full Hamiltonian in eq. (2.7):

Û(tr, tb) = exp

[
−i
∫ tr

tb

(
Ĥ0 + Ĥint(r, τ)

)
dτ

]
. (2.11)

With these definitions, the formal solution for the time-dependent wavefunction at time tr
after evolving from time t0 is given as follows [20]:

|Ψ(tr)〉 = −i
∫ tr

t0

dtbÛ(tr, tb)Ĥint(r, tb)Û0(tb, t0) |ψ0〉+ Û0(tr, t0) |ψ0〉 . (2.12)

Since |ψ0〉 is an eigenstate of Ĥ0,

Û0(t, t0) |ψ0〉 = e−iE0(t−t0) |ψ0〉 , (2.13)

and eq. (2.12) can be simplified as
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|Ψ(tr)〉 = −i
∫ tr

t0

dtbÛ(tr, tb)Ĥint(r, tb)e
−iE0(tb−t0) |ψ0〉+ e−iE0(tr−t0) |ψ0〉 . (2.14)

Despite working with a single electron, solving eq. (2.14) with the full propagator is still
a formidable task. It is here where the principal approximation of the SFA is introduced. In
the continuum, the influence of the strong field on the recollision electron is much greater
than that of the ionic potential. Accordingly, the influence of the ionic potential on the
continuum electron is neglected and only the influence of the strong field on the continuum
electron is included. This amounts to replacing the full Hamiltonian between times tb and
tr with ĤV (t), known as the Volkov Hamiltonian, which describes a free electron interacting
with an external field:

ĤV (t) =
(k̂ + A(t))2

2
, (2.15)

where A(t) is the vector potential associated with the electric field F(t). Within this ap-
proximation, the continuum electron wavefunction at time tb is treated as a plane wave with
momentum k+A(tb). The propagator associated with ĤV (t) is called the Volkov propagator,
can be found analytically, and is defined through the following:

ÛV (tr, tb) |k + A(tb)〉 = e−iS(k,tb,tr) |k + A(tr)〉 , (2.16)

〈r|k + A(t)〉 =
1

(2π)3/2
ei(k+A(t))·r, (2.17)

S(k, tb, tr) =
1

2

∫ tr

tb

[k + A(τ)]2 dτ. (2.18)

Since the set of plane waves forms a complete basis, i.e.

Î =

∫
dk |k + A(t)〉 〈k + A(t)| , (2.19)

the problem can be simplified by inserting eq. (2.19) into eq. (2.14) and replacing Û(tr, tb)
with ÛV (tr, tb):

|Ψ(tr)〉 = −i
∫
dk

∫ tr

t0

dtbe
−iS(k,tb,tr) |k + A(tr)〉 〈k + A(tb)| r̂ · F(tb) |ψ0〉 e−iE0(tb−t0)

+ e−iE0(t−t0)(t, t0) |ψ0〉 .
(2.20)

With this, the wavefunction |Ψ(tr)〉 can be partitioned into its bound and free components,
|Ψ0(tr)〉 and |Ψc(tr)〉, respectively:
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|Ψ(tr)〉 = |Ψc(tr)〉+ |Ψ0(tr)〉 , (2.21)

|Ψ0(tr)〉 = e−iE0(tr−t0) |ψ0〉 , (2.22)

|Ψc(tr)〉 = −i
∫
dk

∫ tr

t0

dtbe
−iS(k,tb,tr) |k + A(tr)〉 〈k + A(tb)| r̂ · F(tb) |ψ0〉 e−iE0(tb−t0).

(2.23)

The time-dependent dipole moment, D̂(tr), is then found as follows:

D(tr) = 〈Ψ(tr)|d̂|Ψ(tr)〉
= 〈Ψc(tr)|d̂|Ψc(tr)〉+ 〈Ψ0(tr)|d̂|Ψc(tr)〉+ 〈Ψc(tr)|d̂|Ψ0(tr)〉+ 〈Ψ0(tr)|d̂|Ψ0(tr)〉.

(2.24)

It is assumed that continuum-continuum transition are negligible and that the ground state
has no permanent dipole:

〈Ψ0(tr)|d̂|Ψ0(tr)〉 = 〈Ψc(tr)|d̂|Ψc(tr)〉 = 0. (2.25)

With this, replacing the ground state energy E0 with the ionization potential Ip = −E0, and
introducing the transition moment d(k) = 〈k|r̂|ψ0〉 at momentum k, the final expression for
the dipole moment is obtained:

D(tr) = −i
∫
dk

∫ tr

t0

dtbd
∗ (k + A(tr)) e

−i[S(k,tb,tr)+Ip(tr−tb)]F(tb) ·d (k + A(tb))+ c.c. (2.26)

Finally, the dipole spectrum D̃(Ω) at frequency Ω can be found from the Fourier transform
of eq. (2.26):

D̃(Ω) = −i
∫ ∞
−∞

dtr

∫
dk

∫ tr

t0

dtbd
∗ (k + A(tr)) e

−i[S(k,tb,tr)+Ip(tr−tb)]F(tb) · d (k + A(tb)) e
iΩtr ,

(2.27)
where the complex conjugate has been omitted for brevity.

2.1 The Strong Field Approximation Dipole Moment

and Saddle-Point Integration

The integrals in eqs. (2.26) and (2.27) can be calculated numerically relatively easily, but
an alternative approach based on saddle-point integration [21] allows for faster calculation of
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the dipole moment and provides a link to the classical recollision model [1]. The saddle-point
method is based on the approximation that, for integrands with a rapidly varying phase, the
components of the integrand which dominate the integral are those for which the integrand
phase is stationary. The integral is then approximated as a Gaussian integral around these
points.

As an example, I consider a function f(x) = f0(x)eiΦ(x), where f0(x) and the phase Φ(x)
are slowly and rapidly varying, respectively. The point xs where Φ′(xs) = 0 is referred to as
a saddle-point solution. Around this point,

Φ(x) ≈ Φ(xs) +
1

2
Φ′′(xs)(x− xs)2. (2.28)

For a < xs < b, I then have the following:

∫ b

a

f(x)dx =

∫ b

a

f0(x)eiΦ(x)dx

≈ f0(xs)e
iΦ(xs)

∫ b

a

eiΦ
′′(xs)(x−xs)2/2dx

=

√
2πi

Φ′′(xs)
f0(xs)e

iΦ(xs).

(2.29)

For the case where there are multiple saddle-point solutions, the integral is approximated as
a discrete sum of contributions in the form of eq. (2.29):

∫ b

a

f(x)dx ≈
∑
xs

√
2πi

Φ′′(xs)
f0(xs)e

iΦ(xs). (2.30)

2.1.1 The Strong Field Approximation Dipole Moment in the Fre-
quency Domain

Going back to the recollision dipole moment, I first consider the application of the saddle-
point method to the dipole spectrum in eq. (2.27) and assume the transition moment d(k)
is slowly varying. Further, I assume the strong field is polarized along ẑ and omit vector
notation, as all vector quantities will be parallel to ẑ. The integrand phase Φtot(k, tb, tr) is
given as follows:

Φtot(k, tb, tr) = Ωtr − Ip(tr − tb)− S (k, tb, tr) . (2.31)

The saddle-points for this integral can be found by setting the derivatives of the total phase
with respect to k, tb, and tr to zero, which yields the following set of equations:
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Figure 2.1 – The solutions to eqs. (2.32 - 2.34) for the real (a) and imaginary (b) com-
ponents of the times of ionization (red) and recombination (blue), tb and tr, respectively,
plotted against the emitted photon energy calculated with a sinusoidal driving field of wave-
length 1.8 µm and peak intensity of 1× 1014 W/cm2. The short (long) trajectory solutions
are depicted by solid (dashed) lines, with their labels (s and l, respectively) in the legend
appearing as superscripts. The dashed vertical grey line denotes the ionization potential of
the atom at 15.8 eV (i.e. the minimum emitted photon energy).

∂Φtot

∂k
= 0 =

∫ tr

tb

[k + A(τ)] dτ (2.32)

∂Φtot

∂tb
= 0 =

[k + A(tb)]
2

2
+ Ip, (2.33)

∂Φtot

∂tr
= 0 =

[k + A(tr)]
2

2
+ Ip − Ω. (2.34)

These equations are numerically solved for the saddle-point solutions k, tb, and tr, which
provide a clear link between the quantum mechanical and classical recollision models [1]:

— Eq. (2.32) has the form of a displacement condition and reflects the requirement that
an electron ionizing at time tb must return to its original position at time tr in order
to coherently emit a photon.

— Eq. (2.33) describes the tunnelling step at time tb and imposes the requirement for
energy conservation during tunnelling. Since Ip > 0, this equation must be solved
using complex time.

— Finally, eq. (2.34) describes the recombination step at time tr and imposes the require-
ment for energy conservation as the electron recombines into its initial state and emits
a photon of frequency Ω.

Figs. 2.1 (a) and (b) depict the real and imaginary saddle-point solutions, respectively,
for the times of ionization (red) and recombination (blue) as a function of emitted photon
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energy calculated within a single half-cycle of a cosine driving electric field of wavelength 1.8
µm and peak intensity of 1×1014 W/cm2. The ionization potential of the atom is denoted by
a dashed vertical grey line. I first discuss the real saddle-point solutions. In the low energy
region (i.e. below 116 eV), there are two distinct times of ionization and recombination for
each emitted photon energy. These solutions are distinguished according to the time the elec-
tron spends in the continuum and are labelled as short (solid) and long (dashed) trajectories.
Within this region, the attosecond pulse spectral intensity is relatively flat, as demonstrated
in Fig. 1.2. Accordingly, this spectral region is referred to as the plateau. Above 116 eV,
the short and long trajectories coalesce and their distinction becomes ambiguous. The at-
tosecond pulse spectral intensity decays exponentially in this region, referred to as the cutoff.

The imaginary times of ionization are related to the amplitude of the continuum electron
wave packet [2]. The long trajectory ionization times occur near the peak of the electric field
half-cycle (i.e. near t = 0), where the field is strongest, and the range of ionization times
is narrow. Accordingly, the long trajectory imaginary ionization time is relatively constant
throughout the spectrum. In contrast, the short trajectories ionize at later times when the
field is weaker. Consequently, the imaginary times of ionization are larger for short trajec-
tories, particularly at low energies near Ip.

The real recombination times for both the long and short trajectories within the plateau
exhibit an approximately linear dependence on the emitted photon energy, but with opposite
slopes. Due to the comparatively narrow window of ionization times, the variation of the
recombination time with energy is the predominant factor in determining the group delay
of the emitted attosecond pulse. The near linear dependence of the recombination time on
energy gives rise to the quadratic phase described in Chapter 1 known as the atto-chirp.
Above the cutoff, the imaginary recombination time for both the long and short trajectories
diverge. However, only the long trajectory solutions remain physical, as the short trajectory
imaginary recombination time diverges towards positive infinity.

Since the imaginary times of ionization for long trajectories is smaller than those for
short trajectories, it is evident that the continuum electron wave packet is dominated by
long trajectory components. Despite this, experimentally observed attosecond pulse spec-
tra are typically dominated by short trajectory emission. This is due to phase matching
conditions, which favour short trajectory emission [22]. This is particularly true for long
wavelength driving lasers. Consequently, I focus on short trajectory throughout this thesis.

Since eq. 2.32 is linear with the canonical momentum k, k can be uniquely solved for in
terms of tb and tr:

k = − (tr − tb)−1

∫ tr

tb

A(τ)dτ. (2.35)

With this, the integral over k can be approximated using the saddle-point method. Since the
integral over momentum is three-dimensional, the prefactor in the saddle-point integration

13



is found through the Hessian matrix:

det
[
S ′′k,k

]
= (tr − tb) . (2.36)

The dipole spectrum in eq. (2.27) then takes the following form:

D̃(Ω) =

Nsp∑
j=1

√
2πi

S ′′tr,tr
· 2πi

S ′′tb,tb

(
2πi

t
(j)
r − t(j)b + iε

)3/2

d∗(k(j) + A(t(j)r ))e−i[S(k(j),t
(j)
b ,t

(j)
r )+Ip(t

(j)
r −t

(j)
b )]

× F (t
(j)
b )d(k(j) + A(t

(j)
b ))eiΩt

(j)
r ,

(2.37)

where the summation runs over all Nsp sets of saddle-point solutions k(j), t
(j)
b , t

(j)
r which lead

to photon emission at frequency Ω. The term ε is introduced into the prefactor from the
momentum integration in order to regularize the integral when tr− tb is small, for which the
saddle-point approximation is not applicable.

Eq. (2.37) can be factorized into the product of three terms, each representing a step of
the three-step recollision model:

D̃(Ω) =

Nsp∑
j=1

arec(k
(j), t(j)r )aprop(k

(j), t
(j)
b , t(j)r )aion(k(j), t

(j)
b ), (2.38)

where

aion(k, tb) =

√
2π

iS ′′tb,tb
e−iS(k,t′b,tb)d(k + A(tb)), (2.39)

apro(k, tb, tr) =

(
2π

tr − tb + iε

)3/2

e−iS(k,tb,tr), (2.40)

arec(k, tr) =

√
2π

iS ′′tr,tr
e−iS(k,tr,t′r)d∗(k + A(tr)). (2.41)

Above, the primed times t′ denote the imaginary component of the time t (i.e. t′ = i Im[t]).

2.1.2 The Strong Field Approximation Dipole Moment in the
Time Domain

Alternatively, the dipole moment can be calculated in the time domain using eq. (2.26).
For this case, the integrand phase is given as follows:
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Figure 2.2 – The solutions to eqs. (2.32-2.34) f or the real (a) and imaginary (b) components
of φb and φr plotted against the emitted photon energy in units of the ponderomotive energy
of the recollision electron. A sine-squared window is imposed onto the time-domain dipole
acceleration.

Φtot(k, tb, tr) = −Ip(tr − tb)− S(k, tb, tr). (2.42)

Applying the saddle-point approximation yields the following two saddle-point equations for
k and tb:

∂S

∂k
= 0 =

∫ tr

tb

[k + A(τ)] dτ, (2.43)

∂S

∂tb
= 0 =

[k + A(tb)]
2

2
+ Ip. (2.44)

These two equations can be solved with the recombination time tr acting as a parameter.
With this, the time domain dipole moment at time tr is then given as follows:

D(tr) = i

√
2π

iS ′′tb,tb

(
2π

det
[
iS ′′k,k

])3/2

d∗(k + A(tr))e
−i[S(k,tb,tr)+Ip(tr−tb)]F (tb)d(k + A(tb)),

(2.45)

The dipole spectrum is then found by evaluating the Fourier transform of eq. (2.45).

The dipole acceleration and attosecond pulse spectrum calculated using the time-domain
dipole moment including only short trajectories from the SFA with a sinusoidal driving field
of wavelength 1.8 µm and peak intensity of 1× 1014 W/cm2 are shown in Figs. 2.2 (a) and
(b), respectively. A sine-squared window is used on the dipole acceleration and the linear
atto-chirp is clearly visible within the temporal plot of the dipole acceleration. The spectral

15



intensity (red, left axis) in (b) exhibits the plateau structure characteristic of recollision un-
til the cutoff above 100 eV. The group delay (dashed blue, right axis), calculated from the
frequency derivative of the spectral phase, closely resembles the recombination times shown
in Fig. 2.1 (a).

Some subtle features of the SFA model are omitted here for the sake of brevity. Namely,
eq. (2.45) describes only a single trajectory recombining at time tr. This is valid for rec-
ollision within a single half-cycle of the driving field, but multiple returns of a continuum
electron ejected during other half-cycles can also be included [2]. Also, special treatment of
the cutoff when using saddle-point integration is required. This is because the variation of
the integrand phase is no longer well approximated by a second-order expansion, as in eq.
(2.28) [23]. These features, while important, are not relevant to this thesis.

2.2 The Transition Moment Phase

The original description of the SFA assumes that the phase of the transition moment
is slowly varying and, thus, can be neglected in the saddle-point analysis. This is a good
approximation for many systems. In some systems, however, the variation of the transition
moment phase can be on the same order as the semi-classical action S(k, tb, tr) [7, 8]. This
phase is imprinted onto the emitted attosecond pulse and measuring these phase shits reveals
information about the structure and dynamics which underlie recollision processes. Several
strategies have been employed in describing attosecond pulses generated in systems with a
rapidly varying transition moment phase. The most robust method is to solve the TDSE
numerically, as done in Fig. 1.2, but this approach is both computationally demanding and
does not provide the understanding analytical models such as the SFA do. Another approach
is to incorporate the transition moment phase shift into the saddle-point analysis within the
SFA. This can be done for transition moment phase shifts which vary quickly but sufficiently
slowly such that the saddle-point approximation remains valid. This approach is used in
Chapter 6 to investigate all-optical measurements of the transition moment phase using the
SFA.

The last approach discussed here, known as quantitative rescattering theory (QRS) [24],
is based on the factorization of the frequency-domain dipole moment in eq. (2.38). QRS
simplifies the calculation of recollision processes in complex systems and accounts for the
transition moment phase in a simple way. The principal approximation in QRS is to assume
that, since the emitted photon energy is directly related to the electron momentum at the
time of recollision, the recombination transition element can be expressed solely through the
energy of the emitted radiation:

arec(k + A(tr)) = arec(Ω). (2.46)

It is also assumed that arec(Ω) is independent of the external laser field [24]. With this, the
recombination term in the factorized dipole can be taken outside the summation, as it no
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longer depends on the saddle-point solutions:

D̃(Ω) = arec(Ω)

Nsp∑
j=1

apro(k
(j), t

(j)
b , t(j)r )aion(k(j), t

(j)
b , t(j)r )

= arec(Ω)W (Ω),

(2.47)

where the product within the summation over the saddle-point solutions is interpreted as
describing the continuum electron wave packet at energy Ω, W (Ω).

The utility of this becomes apparent if one assumes that the continuum electron wave
packet is largely independent of the ion. With this assumption, the recollision dipole spec-
trum can be calculated in a simple system (e.g. hydrogenic atom) and scaled with the
transition moment of a more complex system. If we let the super-scripts (0) and (T ) de-
note quantities calculated from a simple and desired target system, respectively, the dipole
spectrum from the target system can be approximated as

D̃(T )(Ω) =
a

(T )
rec (Ω)

a
(0)
rec(Ω)

D̃(0)(Ω)

= a(T )
rec (Ω)W (0)(Ω).

(2.48)

That is, the recollision electron wave packet calculated from a simple system is simply scaled
by the transition moment of a more complex system. With this, the transition moment in
complex systems can be extracted from experimentally measured attosecond pulse spectra
by scaling the measured spectra with calculated quantities from simple systems.

QRS has been tested numerically in many systems and is widely used to simplify calcu-
lation. In particular, its use for describing HHG in argon has been used to demonstrate its
validity [24]. It is important, however, to recognize its limitations [25]:

— More than two trajectories can recombine and emit a photon of a given energy in
orthogonally-polarized two-colour fields [26]. The recombination dipole in such cases
is not simply a function of energy, as expressed in eq. (2.46), but of momentum as
well.

— In systems where the transition moment exhibits a spectral minimum or a sufficiently
rapidly varying phase shift, the saddle-point approximation used in the derivation of
eq. (2.46) is no longer applicable [7, 27].

— In some systems, the interactions between the recollision electron and ion cannot be
neglected and dynamic multielectron interaction must be accounted for [28].

The most important implications of QRS for this work are the assumptions that the recolli-
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sion electron wave packet is independent of its source and that the recombination transition
element is independent of the laser field. All-optical attosecond measurement, discussed in
Chapter 3, is based on perturbing the recollision electron wave packet with a weak infrared
field. If the electron wave packet is independent of the ion and the transition moment is
independent of the laser, all-optical measurements should be insensitive to features of the
transition moment.

Summary: With the formalism of the SFA established, the methods used to measure
recollision dynamics are described using the SFA in the next chapter.
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Chapter 3

Measuring Recollision Dynamics

Outline: Various methods of attosecond measurement are described. The most com-
monly used methods, those based on photoionization using attosecond pulses (referred
to as ex situ measurement), are described first. All-optical techniques (referred to as in
situ measurement) are then described and compared with ex situ measurement. Each
variation of in situ measurement used in this thesis is labelled with a link to the corre-
sponding chapter where it is used.

I contributed to the theoretical development of the single-image in situ measurement
described in §3.2.3 [29].

Due to their high frequency content, the measurement of attosecond pulses cannot be
accomplished with the same methods used to characterize infrared femtosecond pulses [30].
Two broad classes of measurement techniques have been developed [31]. The first class of
measurement is based on photoionization of an atom by an attosecond pulse in the presence
of a co-phased infrared field and is performed after the attosecond pulse is generated. Ac-
cordingly, this class of measurement is known as ex situ measurement. The second class of
measurement perturbs the recollision process with a weak infrared field and is performed by
recording the effect of the perturbing field on the observed attosecond pulse spectrum. Since
this measurement is performed during the recollision process itself, this class of measurement
is known as in situ measurement.

Ex situ and in situ measurement are closely related. Both use a weak infrared pulse as a
probing mechanism. The critical difference between the two classes is the point at which the
measurement is performed. Since ex situ measurements characterize the attosecond pulse
directly, it is well-accepted that these methods fully characterize an attosecond pulse as-
suming the transition moment of the ionized atom is well understood. In contrast, in situ
methods are performed on the recollision wave packet and are, thus, not a measurement of
the emitted attosecond pulse. Consequently, the utility of in situ measurement to measure
attosecond dynamics associated with the parent ion has been the subject of intense debate
within the attosecond science community [9]. In particular, it has been questioned whether
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Figure 3.1 – The diagram for the first attosecond pulse train measurement technique,
RABBIT. An XUV photon can excite an electron from the ground state of energy −Ip to the
continuum (purple arrows). When ionized by an attosecond pulse train, the photoelectron
wave packet is a replica of the pulse train and exhibits harmonic peaks at energies Hn =
(2n+1)ω0−Ip (integer n). In the presence of an infrared field, the electron can absorb or emit
one infrared photon, producing sidebands energies Sn (red arrows). The superposition of the
absorption and emission pathways to the sidebands imprints the difference in spectral phase
between the harmonic peaks surrounding the sideband. The variation of these sidebands
with the delay between the APT and infrared field is used to reconstruct the attosecond
pulse train group delay.

in situ measurement is sensitive to the transition moment phase imprinted onto the emitted
radiation during recombination.

This chapter consists of an introduction to both ex situ and in situ attosecond measure-
ment and includes detailed descriptions of the forms of in situ measurement used herein.
The descriptions of in situ measurement are presented as originally published and without
reference to transition moment phase shifts. The discussion of in situ measurement and the
transition moment phase will begin in Chapter 6.

3.1 Ex Situ Measurement

3.1.1 Reconstruction of Attosecond Beating by Interference of
Two-photon Transition

The measurement of attosecond pulses was first demonstrated experimentally by P.M.
Paul et al. [32] and was based on a theoretical model of photoionization developed by V.
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Véniard et al. [33]. The experiment used a technique now known as Reconstruction of
Attosecond Beating by Interference of Two-Photon Transitions (RABBIT). This technique,
based on photoionization, is capable of measuring the spectral phase (up to a constant) and
amplitude of attosecond pulse trains.

Fig. 3.1 (a) depicts the RABBIT measurement scheme. An attosecond pulse train (APT)
generated by an infrared field of frequency ω0 containing harmonic peaks of (2n+ 1)ω0 (in-
teger n) and a co-phased infrared field of frequency ω0 are used to photoionize a target atom
of ionization potential Ip. In the absence of the co-phased infrared field, the APT removes
an electron from the ground state |g〉 and produces a photoelectron replica of the APT with
harmonic peaks at energies Hn = (2n + 1)ω0 − Ip. This is depicted by the purple arrows
coupling the ground state and the energies Hn in Fig. 3.1 (a). With the infrared field, two-
photon processes involving ionization by an XUV photon and the emission or absorption of
infrared photons can occur, shifting the photoelectron energy by ±ω0. This results in the
observation of peaks in the photoelectron spectrum at energies Sn = 2nω0 − Ip, known as
side-bands, between the peaks Hn and Hn+1, as is depicted by the red arrows in Fig. 3.1 (a).

Fig. 3.1 (b) depicts an exemplary photoelectron spectrum, with strong signal at energies
Hn, Hn+1, and Hn+2 corresponding to the odd harmonics from the attosecond pulse train
and sidebands at energies Sn and Sn+1 shown in purple. The strength of the sideband signal
at energy Sn depends on three parameters: the XUV and infrared pulse delay τ , the spectral
phase of the harmonics corresponding to Hn and Hn+1, Φn and Φn+1, respectively, and the
difference in the phase of the transition moment of the ionizing medium for sideband n,
∆Φat,n:

Sn(τ) ∝ cos (2ω0τ + (Φn+1 − Φn) + ∆Φat,n) , (3.1)

As the delay τ is varied, the sideband intensity will modulate. This is depicted by the red
sideband signals in (b), which shows side-band signals for two different infrared-attosecond
pulse delays. The phase of the sideband modulation can be found by evaluating the Fourier
transform of the measured sideband signal with respect to τ :

F [Sn(τ)] ∝ e−i(∆Φat,n+Φn+1−Φn−1)δ(2ω0 − Ω) + ei(∆Φat,n+Φn+1−Φn−1)δ(Ω− 2ω0). (3.2)

Assuming that ∆Φat,n is known or negligible, this provides a measurement of the difference
in phase between the harmonics Hn and Hn+1. This difference is related to the attosecond
pulse group delay, τgd(Ω), using a finite difference approximation to the frequency-derivative
of the spectral phase:

τgd(Ω) = −∂Φ

∂Ω

≈ Φn+1 − Φn

2ω0

.
(3.3)
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Figure 3.2 – An isolated attosecond pulse of central frequency Ω + Ip ionizes an atom and
creates a photoelectron of energy Ω. In the presence of an infrared field delayed by a time
τ (inset on bottom left), the photoelectron energy modulates according to eq. (3.6). This
modulation is used to reconstruct the ionizing attosecond pulse using the same formalism as
in frequency-resolved optical gating [36].

This provides a measurement of the transition moment phase shift during recombination,
which is contained within the phase of the harmonics. Alternatively, measurements of the
transition moment phase shift during photoionization can be accomplished by using high
harmonics generated in a known system, such that the harmonic phases are known and
∆Φat,n is unknown. In this case, the deviation of the measured phase from the conventional
atto-chirp in eq. (3.2) can be used to determine ∆Φat,n.

In the original implementation of RABBIT, the sideband signal was integrated over its
bandwidth in order to obtain a single measurement for each sideband. An extension of
this technique known as rainbow RABBIT evaluates the phase for each spectral compo-
nent within the sideband bandwidth and has been used to characterize Fano resonances in
photoionization [34].

3.1.2 Attosecond Streaking

With Dr. TJ Hammond, I used this technique to perform a streaking measurement of
attosecond pulses generated using the attosecond lighthouse technique [35].

Attosecond streaking is an extension of the photoionization-based RABBIT technique
used to measure isolated attosecond pulses [37, 38]. In a RABBIT measurement, the har-
monic structure of the measured attosecond pulse train allows measurements of sideband
intensities to occur background-free. The spectrum of an isolated attosecond pulse, how-
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ever, is a continuum and a background-free RABBIT measurement cannot be performed
due to the absence of harmonic structure. Instead, the shift in momentum imparted by the
infrared field onto the photoelectron is used to perform the measurement.

A diagram depicting a streaking measurement is shown in Fig. 3.2. Like RABBIT,
attosecond streaking relies on an isolated attosecond pulse photoionizing a target atom in
the presence of an infrared field. It is assumed that both the XUV and infrared pulses are of
the same polarization, that the ionized electron is promoted directly from the ground state
to the continuum, and that the generated photoelectron spectrum is an exact replica of the
incident attosecond pulse. The initial momentum, ki, of the freed electron can be found
through energy conservation [30]:

ki =
√

2(Ω− Ip), (3.4)

where Ω is the frequency of the attosecond pulse. In the presence of the infrared field, the
electron accelerated by the infrared field, resulting in a change in the electron momentum,
∆k, which depends on its time of ionization τ :

∆k = −
∫ ∞
τ

E(t)dt = −A(τ), (3.5)

where E(t) and A(t) are the temporal profiles of the infrared electric field and vector potential
at time t and τ is the time of ionization. The resultant change in kinetic energy, ∆K(τ), of
the photoelectron can then be expressed as

∆K(τ) = −A(τ)
√

2(Ω− Ip), (3.6)

This variation is depicted in Fig. 3.2 by the dashed curves on the left. As the attosecond-
infrared pulse delay is varied, a spectrogram is obtained, as drawn on the right. From this,
the profile of the infrared field can be observed and the measurement of the attosecond pulse
group delay can be obtained, as described below.

Within the SFA, the transition amplitude, a(k), of the ionized photoelectron wave packet
at time t with canonical momentum k ionized by an attosecond pulse with electric field
Fxuv(t) in the presence of an infrared field with vector potential A(t) can be described as

a(k, τ) = −i
∫ ∞
−∞

dt Fxuv(t− τ) · d(k + A(t))G (t− τ) ei(k
2/2+Ip)t, (3.7)

where

G(t) = exp

[
−
∫ ∞
t

[
k ·A(τ) + A2(τ)

]
dτ

]
. (3.8)

This equation is the same form as used in frequency-resolved optical gating (FROG) char-
acterization methods [36]. Thus, the attosecond pulse spectral phase can be reconstructed
(up to a constant) from the streaking spectrogram using a phase retrieval algorithm.
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Hole-mirror Focusing Mirror

Figure 3.3 – The experimental diagram for attosecond ex situ measurements as performed
in the JASLAB. An infrared field (red) is focused into a gas jet (diffuse grey), where XUV
radiation (purple) is generated. The infrared is filtered out and the XUV is recombined with
a weak co-phased infrared field using a hole-mirror. The combined infrared and XUV fields
are then focused into a photoelectron spectrometer to perform the ex situ measurement. The
perturbing infrared field is focused in order to ensure a good overlap with the XUV beam in
the photoelectron spectrometer.

3.1.3 Implementation of Ex Situ Measurement

Fig. 3.3 depicts a typical experimental setup for an ex situ measurement [35]. It consists
of a high harmonic/attosecond pulse generation apparatus and a time-of-flight photoelectron
spectrometer. The driving infrared field (red) is removed from the attosecond beam (purple)
by a spectral filter and passed through a hole-mirror. A co-phased weak infrared field de-
layed by a time τ is combined with attosecond beam by reflecting off the hole-mirror and the
two-colour field is then focused into the photoelectron spectrometer. The perturbing infrared
field is focused prior to the focusing into the photoelectron spectrometer in order to ensure
sufficient overlap of the XUV and perturbing beams in the photoelectron spectrometer.

Although attosecond ex situ measurement has proven to be an incredibly useful tool to
measure attosecond electron dynamics and are well accepted within the attosecond science
community, they are difficult to implement. In order to efficiently photoionize a target atom,
large attosecond pulse energies and, thus, sophisticated high-power femtosecond laser sources
are required. Further, they require an experimental apparatus to perform the photoelectron
measurement in addition to the system used to generate the attosecond pulses all contained
within a large vacuum system. Finally, they require the use of spectral filters to remove the
strong infrared driving field from the attosecond beam and an additional means of combining
the attosecond and probing infrared beam into a single beam line with a controlled delay.
These difficulties limit ex situ measurement to well-equipped laboratories and motivated the
development of attosecond in situ measurement, the subject of the next section.
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3.2 In Situ Measurement

An alternative form of measurement, known as in situ measurement, which circumvents
the need for a photoelectron spectrometer, can be accomplished by adding a perturbing field
to the recollision process [31]. The perturbing field modulates recollision trajectories and,
thus, the observed attosecond pulse spectrum. Like in ex situ measurement, the variation
of the spectral modulations with respect to the perturbing field is monitored and related to
the underlying recollision dynamics.

Several variations of attosecond in situ measurement exist which are used to characterize
attosecond pulse trains [19, 26] or isolated attosecond pulses [39, 29] using perturbing fields
of parallel or perpendicular polarization with respect to the driving field. In essence, all
these techniques use the perturbing field to direct XUV radiation onto unused components
of the unperturbed attosecond pulse spectrum (either spatially or spectrally). In this thesis,
I focus on techniques which use a perturbing field polarized parallel to the driving field.

In situ measurement can be understood by considering the effect of the perturbing field
on the recollision process within the SFA. The recollision dipole moment for a simple atom
with ground state |ψ0〉 and ionization potential Ip is as given in eq. (2.27):

D̃(Ω) = −i
∫
dk

∫ ∞
−∞

dtr

∫ tr

−∞
dtbd

∗(k + A(tr))e
−iIp(tr−tb)−iS(k,tb,tr)F (tb)d(k + A(tb))e

iΩtr ,

(3.9)

where k is the canonical momentum of the electron, tb is the ionization time, tr is the re-
combination time, A(t) is the vector potential of the driving field at time t, F (tb) is the
driving electric field at time tb, S(k, tb, tr) is the semi-classical action, d(k) is the transition
moment at momentum k, and vector notation has been omitted because all vector quantities
are parallel to ẑ.

I now consider recollision driven and perturbed by sinusoidal fields, such that the driving
and perturbing vector potentials at time t are given as follows:

A(t) = A0 sin(ω0t), (3.10)

Ap(t, φ) = ηA0 sin (nω0t+ φ) , (3.11)

where A0 is the driving field vector potential amplitude, ω0 is the driving field frequency,
φ is the relative phase between the driving and perturbing fields, η � 1 is the relative
amplitude between the perturbing and driving fields, and n is the harmonic-order of the
perturbing field. Since η � 1, the semi-classical action including the perturbing field can be
expanded to first-order in η, yielding an expression for the perturbation-induced phase shift
σ0(k, tb, tr, φ):
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S(k, tb, tr) =
1

2

∫ tr

tb

[k + A(τ)]2 dτ +

∫ tr

tb

(k + A(τ)) · Ap(τ, φ)dτ +O
(
η2
)
. (3.12)

From this, the perturbation-induced phase shift is

σ0(k, tb, tr, φ) =

∫ tr

tb

(k + A(τ, φ)) · Ap(τ)dτ. (3.13)

The phase shift described in eq. 3.13 induces a modulation in the observed high harmonic
and attosecond pulse spectra [19, 39]. This modulation is independent of any spectral disper-
sion occurring after attosecond pulse generation (e.g. dispersive propagation effects) and do
not involve a secondary target medium with a possibly unknown transition moment phase.
Consequently, attosecond in situ measurement focuses exclusively on recollision dynamics
and not the spectral characteristics of the emitted attosecond pulse.

While all forms of in situ measurement rely on perturbing recollision trajectories in this
way, the experimental analysis will depend on the form of in situ measurement used. In this
thesis, I study collinear and non-collinear forms of measurement for which the perturbing
field has either the same frequency or is a second harmonic of the driving field. The details
of each method used are discussed below.

3.2.1 Collinear ω − 2ω Measurement

Context This technique is used in ab initio simulations of an in situ measurement of
the group delay around the Cooper minimum in argon in Chapter 8.

Attosecond in situ measurement was first devised and achieved experimentally by Du-
dovich et al. in 2006 [19]. They perturbed the recollision process with a collinear, co-
polarized, and co-phased weak second-harmonic of the driving laser field, performing the in
situ analogue of a RABBIT measurement [32]. For this measurement, the perturbing field
is given as

Ap(t, φ) = ηA0 sin (2ω0t+ φ) , (3.14)

and the relative phase φ is controlled through a time-delay τ between the driving and per-
turbing fields. With eqs. (3.13) and (3.14), the perturbation-induced phase shift for a given
recollision trajectory has the following form:
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Figure 3.4 – The collinear ω− 2ω in situ measurement uses a perturbing field to modulate
electron trajectories. When driven solely by the strong driving field (solid red), the electron
trajectories (dashed purple) in adjacent half-cycles are equal but opposite in sign. Due to
the second-harmonic perturbing field (solid blue), the trajectories are modulated such that
those in adjacent half-cycles (solid green) are no longer equal but opposite. In the left and
right half-cycles, the trajectory is pushed inwards and outwards, respectively. This breaking
of half-cycle symmetry results in a 2σ(k, tb, tr, φ) phase difference between trajectories in
adjacent half-cycles and the emission of even-harmonics.

σ(k, tb, tr, φ) = −k sin(φ) sin(ω(tb − tr)) cos(ω0(tb + tr))

ω0

− k cos(φ) sin(ω0(tb + tr)) sin(ω0(tb − tr))
ω0

= σc(k, tb, tr) sin(φ) + σs(k, tb, tr) cos(φ)

= Σ(k, tb, tr) cos(φ− θ(k, tb, tr)),

(3.15)

where

Σ(k, tb, tr) =
√
σ2
s(k, tb, tr) + σ2

c (k, tb, tr), (3.16)

θ(k, tb, tr) = arctan

(
σc(k, tb, tr)

σs(k, tb, tr)

)
, (3.17)

and σc(k, tb, tr) and σs(k, tb, tr) are found to be the following:
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σc(k, tb, tr) = A0η

(
A0(−3 cos(ω0tb) + cos(3ω0tb) + 3 cos(ω0tr)− cos(3ω0tr))

6ω0

+
3k(sin(2ω0tr)− sin(2ω0tb))

6ω0

)
,

(3.18)

σs(k, tb, tr) = A0η

(
A0

(
−3 sin(ω0tb) + sin(3ω0tb) + 4 sin3(ω0tr)

)
6ω0

+
3k cos(2ω0tb)− 3k cos(2ω0tr)

6ω0

)
.

(3.19)

I now consider the perturbed dipole emission from adjacent half-cycles of the driving
field, DL(t) and DR(t), which are labelled as left L and right R, respectively. The half-cycle
symmetry of HHG requires that the unperturbed dipole emission from these half-cycles have
a π-phase difference (i.e. DL(t) = −DR(t)). Since the perturbing field is a second-harmonic
of the driving field, however, the perturbation-induced phase shifts for these half cycles are
equal but opposite in sign. This asymmetry is depicted in Fig. 3.4, which depicts un-
perturbed (dashed purple) and perturbed (solid green) recollision trajectories (plotted on
right axis) in adjacent cycles of the driving field (red, plotted on left axis). The perturbing
field (solid blue) is also plotted on the left. In the left half-cycle the electron trajectory is
pushed inwards by the perturbing field, while the trajectory in the right half-cycle is pushed
outwards. This results in a phase difference of 2σ(k, tb, tr, φ) between the emission in these
half-cycles, breaking the half-cycle asymmetry which leads to the emission of even-harmonics
of the driving field.

This emission of even harmonics due to the breaking of half-cycle asymmetry is demon-
strated in Fig. 3.5. Fig. 3.5 (a) shows the high harmonic spectrum generated by an 800
nm flat-top pulse from a one-dimensional TDSE simulation. Fig. 3.5 (b) shows the HHG
spectra from the same system with a second-harmonic perturbing field with a relative phase
φ of 0 (blue) and π/2 (orange) rad, in which weak even harmonics are observed. From this,
it is evident that the intensity of the even-harmonic signal at a given energy depends on the
relative phase of the perturbing field.

The dependence of the even harmonic generation on the relative phase can be understood
by superposing the perturbed dipole emission from the left and right half-cycles:

D(t) = DL(t)eiσ(k,tb,tr,φ) +DR(t)e−iσ(k,tb,tr,φ)

= DL(t)
(
eiσ(k,tb,tr,φ) − e−iσ(k,tb,tr,φ)

)
≈ σ(k, tb, tr, φ)DL(t),

(3.20)
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Figure 3.5 – (a) The unperturbed high harmonic spectrum from a one-dimensional TDSE
simulation of an atom with an ionization potential of 24 eV. The driving field is a 30-
cycle flat-top pulse of wavelength 800 nm and peak intensity of 1 × 1014 W/cm2 (b) The
high harmonic spectrum from the system in (a) with a second-harmonic perturbing field
of relative intensity 10−4 and relative phase φ of 0 (blue) and π/2 (orange) rad. Due to
the perturbing field, even harmonics are observed. The intensity of a given even harmonic
depends on the relative phase φ.

since η � 1. The even-harmonic dipole spectrum is then found by taking the Fourier
transform of eq. (3.20) at frequency 2nω0 (integer n):

D̃(2nω0) =

∫ ∞
−∞

Σ(k, tb, tr) cos (φ− θ(k, tb, tr))DL(tr)e
i2nω0trdtr

∝ eiΦtot(k,tb,tr) cos(φ− θ(k, tb, tr))√
Φ′′tot(k, tb, tr)

,

(3.21)

where the saddle-point solution of the integral in eq. (3.21) has been applied and

Φtot(k, tb, tr) = −i ln (DL(t) + Σ(k, tb, tr)) . (3.22)

Thus, the variation of the even-harmonic intensity with φ reveals information about recolli-
sion dynamics through the function θ(k, tb, tr):∣∣∣D̃(2nω0)

∣∣∣2 ∝ cos2 (φ− θ(k, tb, tr)) . (3.23)

Fig. 3.6 depicts how the even-harmonic intensity varies with the relative phase φ acccording
to eq. (3.23). The maximizing relative phase (red overlaid line) is calculated from θ(k, tb, tr)
and varies linearly with respect to the recombination time tr [19]. As φ is scanned, the rela-
tive phase which maximizes the even-harmonic signal, φmax = θ(k, tb, tr), is recorded and the
emission times of the even harmonics can be determined, since θ(k, tb, tr) has an analytical
expression.
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Figure 3.6 – The spectrogram depicting the variation of the even-harmonic intensity with
the relative phase between the perturbing and driving fields in a collinear in situ experiment.
The overlaid red line depicts relative phase which maximizes the even-harmonic signal for
each energy. The driving field intensity and wavelength are 1.0 × 1014 W/cm2 and 1.8 µm,
repsectively, and the ionization potential of the target atom is 15.8 eV. The relative intensity
of the perturbing field is 10−4.

3.2.2 Non-collinear ω − 2ω Measurement

Context: This technique is used in the experimental in situ measurement of the group
delay around the Cooper minimum in argon in Chapter 8 [40]. It is also used in an
unrelated work, for which I performed theoretical analysis [41].

Since isolated attosecond pulses exhibit continuous spectra, the use of even-harmonics
as a background-free measurement of isolated attosecond pulses cannot be accomplished.
Consequently, in situ measurement was extended to the measurement of isolated attosecond
pulses by introducing the perturbing beam at an angle with respect to the driving field. The
perturbing field directs the perturbed attosecond pulse emission off-axis at an angle which
depends on both the XUV photon energy and the delay between the driving and perturbing
fields. The non-collinear in situ measurement of an isolated attosecond pulse was devised
and first accomplished by Kim et al. in 2013 [39]. Although different in implementation, the
non-collinear method operates similarly to the collinear case.

The experimental diagram for this measurement is shown in Fig. 3.7. (a) The driving
(red) and perturbing (blue) fields are focused into a gas jet at a relative angle θp and a
time-delay τ . (b) Due to the non-collinear geometry, the time-delayed second-harmonic per-
turbing field modulates the generated XUV wavefronts (red to blue), resulting in a delay and
energy-dependent deflection angle θΩ(τ). The far-field spectrum is then recorded in an XUV
spectrometer and the deflection angle of each spectral component is recorded as a function of
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Figure 3.7 – (a) For the non-collinear ω − 2ω in situ measurement, the driving field (red)
and a perturbing second harmonic (light blue) with time delay τ and relative angle θp
are focused into the gas jet. As shown in (b), the perturbation modulates the recollision
trajectories across the driving beam front (red to blue). The wavefront of each frequency
component of the perturbed XUV beam is modified (red to blue), resulting in a delay- and
energy-dependent propagation angle θΩ(τ) with respect to the unperturbed beam (dashed
purple lines). For each spectral component, the modulations in θΩ(τ) are recorded in the
XUV spectrometer as a function of time delay. (c) The relative phase of the modulations
in θΩ(τ) between two energies is proportional to the difference in each energy’s group delay.
This is shown for energies 80 (top) and 60 eV (bottom).

time delay. (c) The phase difference between the recorded modulations for different energies
reveals the difference in group delay ∆τΩ for these energies, as shown for the frequencies 80
(top) and 60 eV (bottom) recorded from the argon measurement presented in Chapter 8.

The relative phase φ between the perturbing and driving fields depends both on the time
delay τ between the two pulses and the vertical position y along the beam front:

φ = kpθp

(
y − cτ

θp

)
, (3.24)

where kp is the wave-vector of the perturbing field and c is the speed of light. In the near-field,
the dipole emission at frequency Ω and position y, D̃(Ω, y), is described as follows:
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D̃(Ω, y) = D̃0(Ω, y) (1 + αΩ(φ)) eiσΩ(φ), (3.25)

where αΩ(φ), D̃0(Ω, y) is the unperturbed dipole emission, and σΩ(φ) are the amplitude
and phase modulations of the dipole emission at frequency Ω due to the perturbing field,
respectively [39]. The phase modulation is as given in eq. (3.13) and depends linearly on
the emission time for frequency Ω [19].

The observed dipole spectrum in the far-field can then be approximated as follows:

D̃(far)(θy, φ) =

∫ ∞
−∞

D̃(Ω, y) (1 + αΩ (φ)) eiσΩ(φ)eikΩθyydy. (3.26)

The effect of the perturbing field can be expressed using a gate function G(y − cτ/θp):

G

(
y − cτ

θp

)
=

(
1 + αΩ

(
y − cτ

θp

))
eiσΩ(y−cτ/θp). (3.27)

Thus, the observed intensity spectrum in the far-field is described as∣∣∣∣D̃(far)(Ω, y − cτ

θp
)

∣∣∣∣2 =

∣∣∣∣∫ ∞
−∞

D̃(Ω, y)G

(
y − cτ

θp

)
eikΩθyydy

∣∣∣∣2 . (3.28)

The spectrogram described by eq. (3.28) is the same form as used in FROG. A phase retrieval
algorithm is then used to uniquely determine the terms D̃(Ω, y) and G(y− cτ/θp) and, thus,
characterize the attosecond pulse intensity and phase up to a constant. The y-dependence
of the measurement has been used to characterize isolated attosecond pulses in both space
and time [39, 41].

3.2.3 Single Image In Situ Measurement

Context: The single-image in situ technique [29] is used in the ab initio simulations of
in situ measurement in multielectron systems presented in Chapter 7 and Chapter 9.

The single-image in situ measurement technique [29] extends in situ measurement to a
regime wherein attosecond measurement can be accomplished using a single image of the gen-
erated XUV spectrum. The experimental diagram for the single-image in situ measurement
is depicted in Fig. 3.8. (a) Like the non-collinear ω − 2ω measurement, a weak perturbing
field is focused into the gas jet at an angle θp relative to the driving field. In this case,
however, the perturbing field frequency is the same as the fundamental driving field, ω0.
(b) This results in a modulation of the recollision trajectories (red to blue) and, thus, the
generated XUV beam front across the driving field beam. The XUV beam in the gas jet is
then re-imaged onto the XUV spectrometer using a pair of toroidal mirrors and spectrally
resolved. (c) The spectrally resolved near-field dipole image is then used to measure recolli-
sion dynamics, as explained below.
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Figure 3.8 – The experimental diagram for the single-image in situ measurement. (a) A
strong beam (dark red) and oblique weak perturbing field (light red) are focused into a gas jet.
(b) The non-collinear geometry results in an optical grating in the gas jet which modulates
recollision trajectories (red to blue) and, thereby, the near-field XUV wavefronts. (c) The
near-field XUV beam is then imaged onto the XUV spectrometer using a pair of focusing
toroidal mirrors and the near-field modulations due to the perturbing field are recorded.

Due to the non-collinear geometry, an effective time delay, τ(y), which depends on the
vertical position y is introduced between the driving and perturbing fields:

τ(y) =
y

c
sin (θp) , (3.29)

This leads to a phase difference between the perturbing and driving fields φ(y) = k0y sin(θp).
The near-field dipole spectrum at frequency Ω can then be described as follows:

D̃(y,Ω) =

∫ ∞
−∞

dtrD(t)eiσ(k,tb,tr,φ(y))eiΩtr

∝ D(y, tr)e
iσ(k,tb,tr,φ(y))eiΩtr

≈ D(y, tr) (1− iσ0(k, tb, tr, φ)) eiΩtr ,

(3.30)

where the integral in the first line is solved using the saddle-point approximation in the second
line. As before, σ0(k, tb, tr, φ) in the single-image in situ measurement can be decomposed
into fast and slowly varying components:

33



σ0(k, tb, tr, φ) = σc(k, tb, tr) sin(φ) + σs(k, tb, tr) cos(φ)

= Σ(k, tb, tr) cos (φ(y)− θ(k, tb, tr)) ,
(3.31)

where

σc(k, tb, tr) =
A0(−2tbω0 + sin(2tbω0) + 2trω0 − sin(2trω0)) + 4k cos(tbω0)− 4k cos(trω0)

4ω0

,

(3.32)

σs(k, tb, tr) = −(sin(tbω0)− sin(trω0))(A0(sin(tbω0) + sin(trω0)) + 2k)

2ω0

, (3.33)

Σ(k, tb, tr) =
√
σ2
s(k, tb, tr) + σ2

c (k, tb, tr), (3.34)

θ(k, tb, tr) = arctan

(
σc(k, tb, tr)

σs(k, tb, tr)

)
. (3.35)

With this,

∣∣∣D̃(y,Ω)
∣∣∣2 ∝ ∣∣D(tr)

∣∣2 (1 + Σ2(k, tb, tr) cos2(φ− θ(k, tb, tr)
)
. (3.36)

The only dependence on φ(y) is within the cosine term. Thus, the spectral intensity is
maximized when

φ(y) = θ(k, tb, tr). (3.37)

By imaging the near-field dipole emission, the variation of the attosecond pulse spectrum
with φ(y) can be directly observed and the position at which the spectrum is maximized is
mapped to φ(y) and, thereby, the recollision dynamics using eq. (3.37).

3.3 Comparing In Situ and Ex Situ Measurement

The widespread adoption of in situ measurement has been encumbered by a critical dif-
ference between the two measurements, stemming from where during the recollision process
the measurement is performed. Since ex situ measurements are performed after the genera-
tion of the attosecond pulse, it is well-accepted that ex situ techniques fully characterize an
attosecond pulse. This includes the transition moment between the ground state and con-
tinuum in both the generating and target atoms, which is often the parameter of interest.
There is little controversy about this and attosecond ex situ measurement is viewed as the
most robust form of attosecond measurement. On the other hand, in situ measurements are
a measurement of the recollision electron wave packet and their domain of measurement is
less clear. The importance of this was demonstrated by Spanner et al. [9], who compared
simulated in situ and ex situ measurements. They studied HHG from a one-dimensional
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FIG. 7. Phase determined from RABBIT measurement. The
integrated amplitudes of the photoelectron peaks corresponding to
even-order harmonics, plotted as the color scale, versus the phase
delay �R of the dressing 1600-nm field relative to the attosecond
pulse train. The white circles show the positions at which the sideband
intensity is maximized. A clear phase shift is seen at harmonic order
60, corresponding to the π phase jump in the electromagnetic phase.

RABBIT simulations of the two-center potential that is not
present in the RABBIT simulation of the atomiclike potential.
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Figure 3.9 – The results of simulated (a) ex situ and (b) in situ measurements of recollision
in a one-dimensional two-centre molecule. While the ex situ measurement is sensitive to the
phase jump due two-centre interference near harmonic 60, the phase jump is completely
absent in the in situ result. These figures are adapted with permission from [9].

diatomic molecule. Due to two-centre interference arising from the ionic structure of the
molecule, the transition moment exhibits a spectral minimum and corresponding phase shift
which is reflected in the emitted HHG spectrum. The results of their simulated ex situ and
in situ measurements are shown in Fig. 3.9 (a) and (b), respectively. While the ex situ result
clearly reflects the phase variation due to the two-centre interference near the 60th harmonic,
this phase variation is completely absent from the in situ result. From this, it was concluded
that in situ measurement is insensitive to the transition moment phase.

This view is supported by QRS, as described in Chapter 2. Within QRS, it is assumed
that the recollision electron wave packet is independent of its target and that the recombina-
tion transition moment is unaffected by the laser field. From eq. (2.48), the dipole spectrum
from a target system with a transition moment phase within QRS is

D̃(T )(Ω) =
a

(T )
rec (Ω)

a
(0)
rec

D̃(0)(Ω), (3.38)

where the superscripts (0) and (T ) correspond to a simple atom and the target system,

respectively, a
(j)
rec(Ω) is the recombination component of the dipole spectrum (j = 0, T ), and
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D̃(0)(Ω) is the dipole spectrum from the simple atom. Identifying W (0)(Ω) = D(0)(Ω)

a
(0)
rec(Ω)

as the

recollision electron wave packet and letting a
(T )
rec (Ω) = |a(T )

rec (Ω)|eiΦ(Ω), the perturbed dipole
emission from a collinear ω − 2ω measurement within QRS can be expressed as

∣∣∣D̃(T )(Ω)
∣∣∣2 ∝ ∣∣|a(T )

rec (Ω)|eiΦ(Ω)W (0)(Ω) cos
(
φ− θ(0)(k, tb, tr)

)∣∣2
∝ cos2

(
φ− θ(0)(k, tb, tr)

)
,

(3.39)

where θ(0)(k, tb, tr) is the maximizing phase from the simple system. That is, QRS predicts
in situ measurement to be insensitive to the transition moment phase.

Within recollision, the signatures of electronic structure and dynamics within the generat-
ing medium of interest to most researchers are typically encoded onto the emitted radiation
during the recombination step. Due to this apparent insensitivity to transition moment
phase shifts, the utility of in situ measurement within attosecond science appears limited
to the measurement of continuum dynamics which are well-described by the SFA and have
been studied extensively.

Summary: With the methodology of in situ measurement established, I can now inves-
tigate the sensitivity of these techniques to the transition moment phase. The transition
moment phase shifts investigated here, however, result from electronic structure and
dynamics in multielectron systems. Thus, the next two chapters detail the theory and
programs developed to simulate such systems.
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Part II

Theory and Methods
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Chapter 4

Describing Multielectron Systems

Outline: The theories used in this thesis to describe multielectron systems are briefly
described. This includes reduced dimensional systems and time-dependent density func-
tional theory.

4.1 The Schrödinger Equation for Single- and Many-

Particle Systems

For a single-active electron, the Schrödinger equations reads as follows:

i
∂ψ

∂t
=

(
−∆

2
+ v0(r)

)
ψ(r, t), (4.1)

where ψ(r, t) is the electron wavefunction at position r and time t, ∆ is the Laplacian
operator, and v0(r) is the external potential. Extending this to include multiple electrons is
straight-forward [42]:

i
∂ψ

∂t
=

(
Ne∑
m=1

(
−∆m

2
+ v0 (rm)

)
+

1

2

∑
m 6=n

1

|rm − rn|

)
ψ (r1, · · · , rNe , t) , (4.2)

where rm and ∆m are the position and Laplacian acting on the mth electron, 1/|rm − rn|
represents the Coulomb interaction between the mth and nth electrons, and the wavefunction
ψ(r1, · · · , rNe) has 3Ne dimensions.

In three-dimensions, describing systems with more than two electrons using eq. (4.2)
is not yet possible with current computational methods and resources. This is because the
number of points required for describing the multielectron wavefunction scales exponentially
with both grid size and the number of electrons. For example, N3Ne

x distinct points are
required to describe an Ne-electron wavefunction on a three-dimensional grid consisting of
Nx points in each dimension. Exact solutions for three-dimensional multielectron systems
have only been accomplished for the case of two electrons. Consequently, approximations to
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the exact many-body wavefunction are required [43].

Many strategies designed to circumvent this issue have been employed in order to approxi-
mate multielectron systems. This includes multi-configuration Hartree-Fock [44], configuration-
interaction singles [45] (doubles, etc...), and particle-in-cell approaches [46]. In this thesis,
reduced dimensional models [47] and density functional theory [48] are both used to describe
multielectron systems and will be briefly described here.

4.2 Reduced Dimensional Systems

Reduced dimensional models are a conceptually simple approach to describe multielectron
systems. By considering a system consisting of one-dimensional electrons, the dimensionality
of the multielectron problem is sufficiently reduced such that exact solutions to eq. (4.2)
can be achieved relatively easily. While many aspects of true three-dimensional systems are
lost in this description, these models treat multielectron interaction within the confines of
the model exactly. This allows for the study of double-excitation beyond conventional ap-
proximate multielectron theories. Here, I use this model to study recollision-induced double
excitation in a one-dimensional helium atom.

In one dimension, the Hamiltonian for a single electron system is given as follows:

Ĥ = −1

2

∂2

∂x2
+ v0(x), (4.3)

where x is the electron position and v0(x) is the ionic potential. The two-electron Hamilto-
nian for the one-dimensional helium atom is a natural extension of this:

Ĥ2e = −1

2

(
∂2

∂x2
1

+
∂2

∂x2
2

)
+ v0(x1) + v0(x2) + vee(x1, x2), (4.4)

where xj is the position of the jth electron and vee(x1, x2) represents the electron-electron
interaction potential. Both v0(xj) and vee(x1, x2) are approximated by a soft-core Coulomb
potential:

v0(x) = − Z√
x2 + α2

, (4.5)

vee(x1, x2) =
1√

(x1 − x2)2 + β2
, (4.6)

where the parameters α and β soften the Coulomb singularity at the origin. I consider a
spin-singlet state such that the spatial wavefunction is symmetric. The Hamiltonian in eq.
(4.4) does not depend on spin and, thus, the spin of the wavefunction is conserved throughout
time propagation. The numerical implementation of this model is described in Chapter 5
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and is used in Chapter 7 to study Fano resonances in recollision.

4.3 Density-Functional Theory

One of the most widely used approximations used to describe many-electron systems is
density functional theory (DFT) [49]. DFT circumvents the exponential increase in required
computational resources for describing many-electron systems by approximating the system
as N non-interacting three-dimensional electron orbitals which are related through the three-
dimensional electron density. This is done using functionals of the electron density which
approximate the effective potentials arising from electron correlation in the exact system.

DFT has exhibited tremendous success in describing the electronic structure of atoms,
molecules [50], and solid-state media [51]. DFT is especially suited for the strong-field
dynamics considered here for two reasons [52]: (i) during strong-field processes, the interac-
tion with the strong-field typically dominates over electron exchange and correlation effects;
(ii) collective behaviour observed in recollision, such as plasmonic resonances [8], are well-
described by DFT [48].

4.3.1 Ground State Density Functional Theory

DFT was first derived as a time-independent theory used to describe the ground state of
multielectron systems. The foundation for ground state DFT was established through two
theorems known as the Hohenberg-Kohn theorems [53]. The first theorem relates a system’s
ground state electron density and potential.

Theorem 1. The external potential, vext(r), and hence the total energy, is a unique
functional of the electron density, n(r).

The electron density is found through the many-body wavefunction as follows:

n(r1) = Ne

∫
Ψ∗
(
{rj}Nej=1

)
Ψ
(
{rj}Nej=1

)
dr2 · · · drNe , (4.7)

where Ne is the number of electrons in the system, rj is the position of the jth electron,

and Ψ
(
{rj}Nej=1

)
is the exact many-electron wavefunction. The correspondence between the

electron density and potential can be established using a proof by contradiction. It is first
assumed that there are two distinct potentials, v1(r) and v2(r), which result in the same
ground state electron density. The two potentials produce two Hamiltonians, Ĥ1 and Ĥ2,
which have two different ground states, |Ψ1〉 and |Ψ2〉.

Let E
(1)
0 and E

(2)
0 denote the ground state energies for the first and second systems,

respectively. Since Ĥ1 6= Ĥ2 and |Ψ1〉 6= |Ψ2〉, the following must be true:
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E
(1)
0 <

〈
Ψ2

∣∣∣Ĥ1

∣∣∣Ψ2

〉
=
〈

Ψ2

∣∣∣Ĥ2

∣∣∣Ψ2

〉
+
〈

Ψ2

∣∣∣Ĥ1 − Ĥ2

∣∣∣Ψ2

〉
= E

(2)
0 +

∫
n0(r) [v1(r)− v2(r)] dr.

(4.8)

A similar expression can be found by interchanging the subscripts:

E
(2)
0 < E

(1)
0 +

∫
n0(r) [v2(r)− v1(r)] dr. (4.9)

Adding eqs. (4.8) and (4.9) yields a contradiction, proving the correspondence between the
ground state electron density and the ground state potential:

E
(1)
0 + E

(2)
0 < E

(1)
0 + E

(2)
0 . (4.10)

Theorem 2. The ground state energy can be obtained variationally: the density that
minimizes the total energy is the exact ground state density.

Since the first theorem establishes the relationship between the density and potential,
the density must then also determine the ground state wavefunction. This can be expressed
through a functional relationship relating the total energy to the electron density:

E [n] (r) =

∫
n(r)v0(r)dr + F [n] (r), (4.11)

where v0(r) is the external potential and F [n](r) is an unknown functional of the electron
density. With the relationship between the electron density and the ground state potential
and wavefunction established (aside from the form of F [n](r)), a practical method for finding
the ground state density is required. Walter Kohn and Lu Jeu Sham developed a framework
known as Kohn-Sham DFT which outlines this procedure.

A set of Ne fictitious non-interacting electron orbitals {φj}Nej=1, known as Kohn-Sham
orbitals, whose density is identical to a system of interest is defined. The determination of the
ground state can be accomplished by dividing the functional F [n] into three contributions:

F [n] = T0[n] + EH [n] + Exc[n], (4.12)

where T0[n] is the exact kinetic energy functional, EH [n] is the energy from the classical
electron-electron repulsion (i.e. the Hartree energy), and Exc[n] is the energy from electron
exchange-correlation effects. This is then used with a Lagrange parameter µ in order to
perform a minimization of E[n](r)− µNe. This leads to the following:

41



µ =
δT0

δn(r)
+

δEH
δn(r)

+
δExc
δn(r)

+ v0(r)

=
δT0

δn(r)
+ vh[n](r) + vxc[n](r) + v0(r),

(4.13)

where vh[n](r) and vxc[n](r) are the potentials due to the Hartree and exchange-correlation
interactions. Although the kinetic energy functional is not known, it is approximated through
the kinetic energy of each electron orbital:

T0[veff ] =
∑
j

〈ϕj|T̂|ϕj〉, (4.14)

where T̂ is the single-particle kinetic energy operator and ϕj(r) is the jth Kohn-Sham orbital.
The classical Hartree potential is calculated by solving the Poisson equation for the electron
density:

vh[n](r) =

∫
n(r′)

|r− r′|
dr. (4.15)

The exchange-correlation potential, vxc[n](r), is calculated using a functional of the electron
density, ε(ξ)[n](r), for the total exchange-correlation energy, where ξ denotes the approxima-
tion for the functional used. With this,

Exc[n](r) =

∫
ε(ξ)[n](r)n(r)d3r. (4.16)

From eqs. (4.13) and (4.16), the exchange-correlation potential is given as

v(ξ)
xc [n](r) = ε(ξ)[n](r) + n(r)

δε(ξ)[n](r)

δn(r)
. (4.17)

The principal approximation used in DFT is the approximation to the functional describing
exchange and correlation effects, for which the true form is unknown. Many approximations
to this functional exist. The most commonly used approximation is the local-density ap-
proximation (LDA) [49], which is the exact solution for the functional for a homogeneous
electron gas. The exchange-correlation potential arising from this approximation is

v(LDA)
xc (r) = −

(
3

π

)1/3

n1/3(r). (4.18)

Although surprisingly effective, this approximation is insufficient for describing atomic sys-
tems and needs to be supplemented. Here, an extension of the LDA which uses both the
electron density and its gradient is used. This class of functionals is referred to as generalized
gradient approximation (GGA) functionals. I use the LB94 functional [54], for which the
exchange-correlation potential is given as follows:
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v(LB94)
xc (r) = v(LDA)

xc (r)− β
(
n(r)

2

)1/3
x2

1 + 3β arcsinh(x)
, (4.19)

x =
|∇n|
n4/3(r)

. (4.20)

Thus, the entire system can be described using an effective single-body potential, veff [n](r),

veff [n](r) = v0(r) + vh[n](r) + v(ξ)
xc [n](r). (4.21)

In this thesis, two atomic systems are modelled using DFT: argon and xenon. The LB94 func-
tional adequately reproduces the ionization potentials and orbital energies of both systems
(see Table 8.1 and 9.1 for the Kohn-Sham orbital energies in argon and xenon, respectively).

The multielectron system can then be solved using methods similar to those in solving single-
active electron systems, as the system is described through a non-interacting Hamiltonian,
known as the Kohn-Sham Hamiltonian, and can be diagonalized directly:

Ĥks = −∆

2
+ veff [n](r), (4.22)

where ∆ is the Laplacian operator.

4.3.2 Time-Dependent Density Functional Theory

In 1984, Runge and Gross developed a time-dependent extension of DFT [55]. They es-
tablished a one-to-one mapping between the time-dependent electron density and the time-
dependent potential for a given initial state. Time-dependent density functional theory
(TD-DFT) permits the real-time propagation of multielectron systems [56], allowing for the
calculation of excitations and the dipole response from multielectron systems. The founda-
tion for TD-DFT is based on minimization of the action functional.

Like in ground state DFT, an effectively single-particle Schrödinger equation, known as
the time-dependent Kohn-Sham equation, is used to describe the time propagation of the
multielectron system:

i
∂ϕ

∂t
=

{
−∆

2
+ v0(r, t) + vh[n](r, t) + v(ξ)

xc [n](r, t)

}
ϕ(r, t), (4.23)

where ϕ(r, t) is a Kohn-Sham orbital. This brief description summarizes the essential ele-
ments of TD-DFT used here.
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4.3.3 Limitations of TD-DFT

Although TD-DFT is a profoundly useful method to describe multielectron systems, it
is important to understand its limitations. Implementations of TD-DFT are necessarily ap-
proximate solutions to the multielectron TDSE, as the exact form of the exchange-correlation
potential vxc[n](r, t) is unknown. These limitations have become known as the deadly sins
of TD-DFT [48]:

— Errors in the ground state will lead to errors in time-dependent calculations.

— Although vxc[n](r, t) is known to be non-local in space, the most widely used and
practical approximations to it are local (or semi-local through the gradient of the
electron density).

— Similarly, vxc[n](r, t) is known to be dependent on the electron density for all times t′ ≤
t. However, virtually all implementations of TD-DFT use an adiabatic approximation
which calculate vxc[n](r, t) from the density at time t alone. This leads to a poor
description of multiple excitations within TD-DFT and is why reduced dimensional
systems are used to investigate double-excitation in this work.

— Kohn-Sham orbitals are only eigenstates of an auxiliary system which yields the same
ground state density. Consequently, observables calculated from interactions between
orbitals are not generally equivalent to those calculated from the exact wavefunction.

Despite this, TD-DFT is useful in describing the recollision processes investigated here.
The dipole moment, the observable through which recollision dynamics are measured, is
calculated directly from the electron density:

D(t) =

∫
r n(r, t)d3r. (4.24)

Further, I use DFT to investigate recollision dynamics in argon and xenon. The approxi-
mations to vxc[n](r, t) used here accurately describe the ground state of these systems (see
Chapters 8 and 9). Thus, the Cooper minimum in argon, which results from the electronic
structure of the ground state, is well-described within TD-DFT. With regards to xenon,
plasmonic and collective excitations are well-described by TD-DFT and this is reflected in
the calculated attosecond pulse spectra.

Summary: This short description of DFT is by no means complete. For interested
readers, a good summary of recent developments in TD-DFT can be found in [48]. The
next chapter describes the numerical implementation of the theory presented in this
chapter.
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Chapter 5

Numerical Methods for Solving Multi-
electron Systems

Outline: This chapter describes the numerical programs developed for this thesis
to describe strong-field processes in multi-electron atomic and molecular systems. In
particular, the general-purpose graphical processing unit implementation of the one-
dimensional helium model and spin-restricted time-dependent density functional theory
for azimuthally symmetric systems using the NVIDIA CUDA-C framework is described.

The programs described here were developed from scratch and optimized to perform
simulated two pulse strong field experiments. They are used in three publications of
mine [57, 58, 40] and are available for use. Access is described in Appendix A.

5.1 One-Dimensional Helium Model

Working within the length gauge and dipole approximation, the time-dependent Schrödinger
equation for the one-dimensional helium atom is given as follows:

i
∂ψ

∂t
=

{
− 1

2

(
∂2

∂x2
1

+
∂2

∂x2
2

)
+ v0(x1) + v0(x2) + vee(x1, x2) + (x1 + x2)F (t)

}
ψ(x1, x2, t),

(5.1)

where xj is the position of the jth electron, v0(xj) is the ionic potential felt by the jth elec-
tron as given by eq. (4.5), vee(x1, x2) represents the multi-electron interaction potential as
in eq. (4.6), and F (t) is the external time-dependent electric field. The softening parame-
ters used in the soft-core ionic and electron-electron potentials, α and β, respectively, are
tuned (α2 = 0.5, β2 = 0.339) such that the neutral and singly-ionized ground state energies,

Eg and E
(+)
g , match those of the three-dimensional helium atom (i.e. Eg = −79 eV and

E
(+)
g = −54.4 eV). The system is represented on a uniform grid with 2048 grid points with
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Figure 5.1 – (a) The ground state wavefunction for the one-dimensional helium atom
found with the Hamiltonian defined in eqs. (4.4 - 4.6). (b) The total potential for the one-
dimensional helium atom from eqs. (4.5) and (4.6). The numerical softening parameters
(α2 = 0.5 and β2 = 0.339) are tuned such that the ground state energies of the one-
dimensional helium atom and its single-ion state agree with the three-dimensional helium
atom.

a spacing of 0.25 a.u. Such a large computational grid was chosen to ensure contributions
to the dipole acceleration from long trajectories and the reflection of the components of the
continuum wave packet from the absorbing boundary are minimized.

Given that each electron is described using a one-dimensional Cartesian grid, the total
Hamiltonian can be partitioned into components diagonal in position- and momentum-space
(Ĥ

(x)
0 and Ĥ

(k)
k , respectively):

Ĥ
(x)
0 = v0(x1) + v0(x2) + vee(x1, x2) + (x1 + x2)E(t), (5.2)

Ĥ
(k)
0 =

k̂2
1 + k̂2

2

2
, (5.3)

where k̂j is the momentum operators for the jth electron. Therefore, the natural method to
calculate the time advancement of the wavefunction is the Fourier split-step method [59].
The algorithm for the Fourier split-step method is shown in Algorithm 1. For each propaga-
tion step δt, the time interval is divided and Ĥ

(x)
0 is applied first over an interval δt/2. The

Fourier transform of the wavefunction is then calculated and Ĥ
(k)
0 is applied over an interval

δt. Finally, the position-space wavefunction is calculated using an inverse Fourier transform,
after which Ĥ

(x)
0 is applied over an interval δt/2.

The ground state calculation is also calculated using this algorithm, using imaginary
time propagation, and is accomplished by substituting δt → −iδt and F (t) = 0. An initial
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guess for the ground state wavefunction is made and propagated in imaginary time until
the wavefunction converges to the ground state. The result of this calculation and the total
potential are shown in Fig. 5.1 (a) and (b), respectively.

Algorithm 1 Time propagation using the Fourier split-step method

for j = 0 to Nt do

ψ(x1, x2)→ exp
[
−i
(
H

(x)
0 (x1, x2) + (x1 + x2)E(tk)

)
δt
2

]
ψ(x1, x2)

ψ(k1, k2) = FFT [ψ(x1, x2)]

ψ(k1, k2)→ exp
[
−iH(k)

0 δt

]
ψ(k1, k2)

ψ(x1, x2) = FFT−1 [ψ(k1, k2)]

ψ(x1, x2)→ exp
[
−i
(
H

(x)
0 (x1, x2) + (x1 + x2)E(tk)

)
δt
2

]
ψ(x1, x2)

end for

The dipole acceleration spectrum at frequency Ω, ã(Ω) is calculated at each time step
using the Ehrenfest theorem and the ionic potential vtot(x1, x2) = v0(x1) + v0(x2):

ã(Ω) =

∫
〈ψ(x1, x2, t)|

(
−∂vtot
∂x1

− ∂vtot
∂x2

+ E(t)

)
|ψ(x1, x2, t)〉eiΩtdt. (5.4)

The short-trajectory component of the recollision dipole are selected through the use of a
transmission-free absorbing boundary [5].

This model is implemented in a general-purpose graphical processing unit (GP-GPU) pro-
gram using NVIDIA CUDA-C [60]. It can be used to simulate one-dimensional two-electron
or one-electron two-dimensional systems. Access to this program is given in Appendix A.

5.2 Implementation of Density Functional Theory

The time-dependent Kohn-Sham equation is given as follows:

i
∂ϕα
∂t

=

(
−∆

2
+ v0(r) + vh[n](r, t) + vxc[n](r, t)

)
ϕα(r, t), (5.5)

where ∆ is the Laplacian operator, v0(r) is the external potential, vh[n](r, t) is the Hartree
potential (i.e. classical Coulomb repulsion between electrons), vxc[n](r, t) is the exchange-
correlation potential, and ϕα(r, t) is a Kohn-Sham orbital at position r and time t. The
systems considered here all exhibit spherical symmetry. This is exploited by describing the
Kohn-Sham orbitals using a spherical harmonic expansion:

ϕα(r, t) =

NL∑
l=0

l∑
m=−l

ϕα;l,m(r, t)Yl,m(Θ), (5.6)
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where NL is the maximum considered orbital angular momentum, ϕα;l,m(r, t) is the com-
ponent of the Kohn-Sham orbital with orbital angular momentum l and magnetic quantum
number m, and Yl,m(Θ) is the spherical harmonic of orbital angular momentum at solid angle
Θ. Further, all external fields considered here are are linearly polarized and parallel. Thus,
the magnetic quantum number, mα, for the αth Kohn-Sham orbital is a constant of motion
and is determined by the electron configuration of the considered system:

ϕα(r, t) =

Nl∑
l=mα

ϕα;l(r)Yl,mα(Θ). (5.7)

Numerically, φα(r, t) is represented as a matrix whose columns are each of the orbital’s
l-components:

ϕα(r, t) =
(
ϕα;mα(r, t) ϕα;mα+1(r, t) · · ·ϕα;L(r, t)

)
. (5.8)

The interaction with the external electric field F(t) polarized along ẑ is described using the
dipole approximation. With this, the time-dependent Kohn-Sham equation including the
strong field for each l-component of the αth orbital is given as

i
∂ϕα;l

∂t
=

(
−1

2

∂2

∂r2
+
l(l + 1)

2r2
+ v0(r) + vh[n](r, t) + vxc[n](r, t) + F (t)r cos(θ)

)
ϕα;l(r, t).

(5.9)
The methods used to describe each of the terms in this will be described below.

5.2.1 The Radial Grid

The radial grid is described using Gauss-Lobatto quadrature [61]. With this, the radius
r is mapped to x ∈ [−1, 1]:

r(x) =
Rmaxζ

2

1 + x

1− x+ ζ
, (5.10)

where Rmax corresponds to the maximum radius of the simulation and ζ is a parameter
controlling the variation of r(x) with x. The endpoints of the grid are fixed at x = ±1 and
not included within the radial vector. The inner points are evaluated at the zeros of the
first-derivative of the N th

g Legendre polynomial, where Ng = Nr + 1. With this, any function
f(x) can be expressed as follows:

f(x) ≈
Ng∑
k=0

akPk(x) =

Ng∑
k=0

f(xk)gk(x), (5.11)

where gk(x) is the cardinal function of the grid:

gk(x) = − 1

Ng(Ng + 1)PNg(xk)

(1− x2)P ′Ng(x)

x− xk
. (5.12)
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With this, the ijth element of the second-order radial derivative matrix, D̂
(2)
r is given as

follows [62]:

D̂
(2)
r;i,j =


Ng(Ng + 1)(Ng(Ng + 1)− 2)/24 i = j and i, j ∈ [0, Ng]

[Ng(Ng + 1)− 2]/4 i 6= j and i, j ∈ [0, Ng]

−Ng(Ng + 1)/[3(1− x2
i )] i = j and i, j 6∈ [0, Ng]

−2/(xi − xj)2 i 6= j and i, j 6∈ [0, Ng]

. (5.13)

The numerical representation of the αth Kohn-Sham orbital ϕ̃α,l[r](x), absorbs the variation
of the grid with respect to x and is normalized such that

ϕ̃α,l[r](xk) =
1

N

√
r′(xk)

PNg(xk)
ϕ[r](xk), (5.14)

where N is the normalization constant.

5.2.2 The Hartree Potential

The calculation of the Hartree potential depends on the electron density. With the αth

Kohn-Sham orbital as given by eq. (5.6) and gα representing its occupation number, the
electron density is given as follows:

n(r, t) =
∑
α

gα(−1)mα
∑
l1

∑
l2

ϕ∗α;l1
(r)ϕα;l2(r)Yl1,−mα(Θ)Yl2,mα(Θ). (5.15)

The Hartree potential can be found by using the multipolar expansion of the Coulomb
interaction kernel [63]:

1

|r− r′|
=
∑
L

4π

2L+ 1

rL<
rL+1
>

L∑
M=−L

YL,M(Θ)Y ∗L,M(Θ′), (5.16)

where r< (r>) represents the smaller (larger) of the radii r and r′ and Θ′ represents the
solid-angle for position r′. With eqs. (5.15) and (5.16), the Hartree potential is then found
to be the following:

vh(r) =
∑
L

4π

2L+ 1

L∑
M=−L

YL,M(Θ)
∑
α

gα(−1)mα+M
∑
l1,l2

∫ ∞
0

rL<
rL+1
>

ϕ∗α;l1
(r′)ϕα;l2(r′)dr′

×
∫

Θ′
Yl1,−mα(Θ′)YL,−M(Ω′)Yl1,mα(Θ′)dΘ′.

(5.17)

I let ξl2,mαl1,mα;L,M denote the angular integral over Ω′ in eq. (5.17). The integrals of the product
of three spherical harmonics can be found using the Wigner-3J symbol [64]:
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ξl2,mαl1,mα;L,M =

∫
Θ′
Yl1,−mα(Θ′)YL,−M(Θ′)Yl2,mα(Θ′)dΘ′

=

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π

(
l1 L l2
0 0 0

)(
l1 L l2
−m0 M m0

)
.

(5.18)

As the simulation is restricted to a linear polarization, all components with M 6= 0 are zero.
The Hartree potential is calculated using eqs. (5.17) and (5.18) up to a maximum L = 3.
With this, the Hartree potential is described as

vh[n](r, t) ≈ v
(0)
h [n](r, t) + v

(1)
h [n](r, t) cos(ϑ) + v

(2)
h [n](r, t)

1

2

(
3 cos2(ϑ)− 1

)
, (5.19)

where ϑ is the polar angle for position r. The expressions for v
(l)
h [n](r, t) are described below.

The Monopole Term For the monopole term, L = M = 0:

ξl2,mαl1,mα;0,0 = (−1)mα
1√
4π
, (5.20)

Therefore,

v
(0)
h (r) =

∑
α

gα
∑
l

∫ ∞
0

|ϕα;l(r
′)|2

r>
dr′ (5.21)

The Dipole Term For the dipole term, L = 1:

ξl2,mαl1,mα;1,0 =

√
(2l1 + 2)(3)(2l2 + 1)

4π

(
l1 1 l2
−mα 0 mα

)(
l1 1 l2
0 0 0

)
. (5.22)

The last Wigner-3j symbol is zero unless l1 = l2±1. I first focus on the case for l1 = l2 +1 ≡
l + 1:

ξl+1,mα
l,mα;1,0

= (−1)mα
√

3

4π

√
(l + 1)2 −m2

(2l + 1)(2l + 3)
. (5.23)

With this,
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v
(1)
h;l+1(r, ϑ) = cos(ϑ)

∑
α

gα
∑
l

√
(l + 1)2 −m2

α

(2l + 1)(2l + 3)

∫ ∞
0

r<
r2
>

ϕ∗α;l+1(r′)ϕα;l(r
′)dr′. (5.24)

For the case where l1 = l2 − 1,

v
(1)
h;l−1(r, ϑ) = cos(ϑ)

∑
α

gα
∑
l

√
l2 −m2

α

(2l + 1)(2l − 1)

∫ ∞
0

r<
r2
>

ϕ∗α;l−1(r′)ϕα;l(r
′)dr′. (5.25)

For simplicity, cl,m is defined as follows:

cl,m =

√
(l + 1)2 −m2

(2l + 1)(2l + 3)
. (5.26)

With this

v
(1)
h [n](r, ϑ) = cos(ϑ)

∑
α

gα
∑
l

∫ ∞
0

[
cl,mϕ

∗
α;l+1(r) + cl−1,mϕ

∗
α;l−1(r)

]
ϕα;l(r)dr

′

= cos(ϑ)u
(1)
h (r).

(5.27)

The Quadrupole Term For the quadrupole term, L = 2:

ξl+1,mα
l,mα;1,0

=

√
(2l1 + 1)(2l2 + 1)(5)

4π

(
l1 2 l2
0 0 0

)(
l1 2 l2
−m0 0 m0

)
(5.28)

There are three cases to consider: l2 = l1 − 2, l2 = l1, l2 = l1 + 2. I first consider the case for
l2 = l1 − 2:

ξl+2,mα
l,mα;2,0

= (−1)mα
3

2(2l + 3)

√
5

4π

√
((l + 1)2 −m2

α)((l + 2)2 −m2
α)

(2l + 1)(2l + 5)
. (5.29)

Since

Y2,0(Θ) =
1

2

√
5

4π

(
3 cos2(ϑ)− 1

)
, (5.30)

v
(2)
h;l+2(r, ϑ) is given as
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v
(2)
h;l+2(r, ϑ) =

1

2

(
3 cos2(ϑ)− 1

)∑
α

gα
∑
l

ql,mα

∫ ∞
0

r2
<

r3
>

ϕ∗α;l+2(r′)ϕα;l(r
′)dr′, (5.31)

where

ql,mα =
3

2(2l + 3)

√
((l + 1)2 −m2

α)((l + 2)2 −m2
α)

(2l + 1)(2l + 5)
. (5.32)

For l2 = l − 2,

ξl+2,mα
l,mα;2,0

= (−1)mα
√

5

4π
ql−2,mα . (5.33)

With this,

v
(2)
h;l−2(r, ϑ) =

1

2

(
3 cos2(ϑ)− 1

)∑
α

gα
∑
l

ql−2,mα

∫ ∞
0

r2
<

r3
>

ϕ∗α;l−2(r′)ϕα;l(r
′)dr′, (5.34)

For the l2 = l1 term,

ξl,mαl,mα;2,0 = (−1)m
√

5

4π

(l2 + l − 3m2)

(2l − 1)(2l + 3)
. (5.35)

Let pl,m be defined as follows:

pl,m =
l(l + 1)− 3m2

(2l − 1)(2l + 3)
. (5.36)

With this,

v
(2)
h;l−2(r, ϑ) =

1

2

(
3 cos2(ϑ)− 1

)∑
α

gα
∑
l

pl,mα

∫ ∞
0

r2
<

r3
>

|ϕα;l(r
′)|2 dr′, (5.37)

The total quadrupole moment is then given as

v
(2)
h [n](r, ϑ) =

1

2

(
3 cos2(ϑ)− 1

)∑
α,l

gα

∫ ∞
0

r2
<

r3
>

(
ql−2,mαϕ

∗
α;l−2(r′)

+ pl,mϕ
∗
α;l(r

′) + ql,mϕ
∗
α;l+2(r′)

)
dr′.

(5.38)
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5.2.3 The Exchange-Correlation Potential

As mentioned in Chapter 4, the LB94 functional [54] is used to describe exchange-
correlation effects. This functional supplements the LDA functional [49] with an expression
related to the gradient of the electron density. The total exchange-correlation potential is
given as

vLB94
xc (r) = v(LDA)

xc (r) + v(LB94)
xc [n,∇n](r)

= −
(

3

π

)1/3

n1/3(r)− β
(
n(r)

2

)1/3
x2

1 + 3β arcsinh(x)
,

(5.39)

where

x =
|∇n|
n4/3(r)

. (5.40)

Only the monopole term from the multipolar expansion of the exchange-correlation is
retained. For the purposes of this work, this approximation is sufficient. The first application
of the TD-DFT model studied here is the study of the Cooper minimum in argon, which
results from the ground state electronic structure of argon and is well-described by the
monopole term. The second application of the TD-DFT model is the study of the giant
dipole resonance in xenon, which is well-described by the Hartree potential.

5.2.4 Ground State Calculation

The calculation of the ground state for the Kohn-Sham system requires the diagonaliza-
tion of the Kohn-Sham Hamiltonian, Ĥks:

Ĥks = −∆

2
+ vh[n](r) + vxc[n](r). (5.41)

The Hartree and exchange-correlation potentials and, thereby, the Kohn-Sham Hamiltonian
depend on the ground state electron density. Consequently, the calculation of the ground
state must be performed using an iterative algorithm, which is outlined in Algorithm 2.

An initial guess for the ground state is given by the set of orbitals found by diagonalizing
eq. (5.41) with vh[n](r) = vxc[n](r) = 0. Here, the iterative process begins and the electron
density is calculated from the set of Kohn-Sham orbitals. A linear combination of the new
and old densities is then used to calculate the Hartree and exchange-correlation potentials.
The weights of the new and old densities are ι and ι− 1, respectively, with ι > 0 and ι� 1.
This is done so as to avoid charge sloshing [65]. A new set of Kohn-Sham orbitals is then
found by diagonalizing the Hamiltonian with the updated multielectron potentials. After
each iteration, the convergence of each orbital’s eigenvalue is calculated and the process
repeats until all eigenvalues converge below a threshold εmin.
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Algorithm 2 DFT Ground State Calculation

Diagonalize hydrogenic atom with nuclear charge of Z and obtain set of Kohn-Sham
orbitals {ϕj(r)}Nej=1 and set of eigenvalues {Ej}Nej=1.
Set ε = 1 .
Set initial density n(r) = 0.
while max{εj}Nej=1 > εmin do

Calculate new electron density, nnew(r).
Mix new density with old: n(r) = ιnnew(r) + (1− ι)nold(r).
Calculate Hartree and exchange-correlation potentials with n(r).
Diagonalize Hamiltonian including Hartree and exchange-correlation potentials and
obtain new set of Kohn-Sham orbitals.
Calculate convergence of eigenvalues, Ej, such that εj = |E(old)

j − E(new)
j |.

end while

5.2.5 Time Propagation

Absorbing Boundary

In order to ensure only short trajectory contributions to the recollision dipole moment are
included in the simulation, a complex absorbing potential is used, which is non-zero only for
radii r greater than a fixed radius, Rabc. The absorbing boundary radius used is determined
through the semi-classical excursion of an electron in an electric field of amplitude F0 and
frequency ω0:

Rabc =
F0

ω2
0

. (5.42)

This corresponds to the maximum trajectory excursion of short-trajectories. I use a transmission-
free absorbing boundary [5], which has been demonstrated to yield accurate results for
strong-field proceesses [9, 66]. The absorbing boundary is incorporated into the Hamiltonian
through the complex potential, vabc(r):

vabc(r) = −iW (r), (5.43)

where W (r) is as given in [5].

The Propagator

The Hamiltonian acting on an orbital of angular quantum number l and magnetic quan-
tum number m is given as follows:

Ĥ = Ĥ
(l)
0 +

Lh∑
lh=0

Ĥ(lh), (5.44)
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Ĥ
(l)
0 = −1

2

∂2

∂r2
+
l(l + 1)

2r2
+ v0(r) + v

(0)
h [n](r, 0) + v(0)

xc [n](r, 0), (5.45)

where Ĥ
(l)
0 (r) is is the ground state Hamiltonian for the lth angular quantum number. A split-

operator technique is used such that Ĥ
(l)
0 , containing the multielectron potentials at time

t = 0, remains static and is applied throughout the simulation. This allows for the prop-
agator associated with this component to be calculated only once throughout the simulation.

The lthh multipole potentials are described with the Hamiltonian components Ĥ(lh). The
changes in the monopole multielectron interaction potentials from the initial ground state
potentials are applied separately from Ĥ

(l)
0 in Ĥ(0)(t), which also includes the component

of the quadrupole moment which couples with lh = 0. The Ĥ(lh) for lh ≥ 1 describe the
higher-order multipolar expansion of the time-dependent multielectron interaction and inter-
action with an external field. For a Kohn-Sham orbital with angular and magnetic quantum
numbers l and m,

Ĥ(0)(t) = ∆v
(0)
h [n](r, t) + pl,mv

(2)
h (r, t) + ∆v(0)

xc [n](r, t), (5.46)

Ĥ(1)(t) = L̂(m) ⊗
(
Îr

(
rF (t) + v

(1)
h [n](r, t)

))
, (5.47)

Ĥ(2)(t) = P̂(m) ⊗
(
Îrv

(2)
h [n](r, t)

)
, (5.48)

L̂(m) =


0 cm,m 0 0 . . .

cm,m 0 cm+1,m 0 . . .
0 cm+1,m 0 cm+2,m . . .
0 0 cm+2,m 0 . . .
...

...
...

...
. . .

 , (5.49)

P̂(m) =


0 0 qm,m 0 . . .
0 0 0 qm+1,m . . .

qm,m 0 0 0 . . .
0 qm+1,m 0 0 . . .
...

...
...

...
. . .

 , (5.50)

where ∆v
(0)
h [n](r, t) = v

(0)
h [n](r, t)− v(0)

h [n](r, 0) and ∆v
(0)
xc [n](r, t) = v

(0)
xc [n](r, t)− v(0)

xc [n](r, 0)
are the changes of the monopole multielectron interaction potential from the ground state
results, L̂(m) and P̂(m) are the angular coupling matrices acting in the l ≥ m subspace, Îr is
the identity matrix in real-space, and F (t) is the external electric field.

The full propagator for the lth angular momentum component of a given orbital, Û(l)(δt)
for a time-step δt is then calculated using a split-step algorithm:

55



Û(l)(δt) =

(
0∏

lh=Lh

exp

(
−iδt

2
Ĥ(lh)(t)

))
exp

(
−iδtĤ(l)

0 (t)
)( Lh∏

lh=0

exp

(
−iδt

2
Ĥ(lh)(t)

))
,

(5.51)

where Lh is the order of the multipole expansion for the electron-electron interaction poten-
tial. For the monopole terms of the Hamiltonian acting on the ground state orbitals, the
exponential of the Hamiltonian is expressed through the Crank-Nicholson method:

exp
(
−iδtĤ(l)

0 (t)
)
≈
(

Îr + i
δt
2

Ĥ
(l)
0

)−1(
Îr − i

δt
2

Ĥ
(l)
0

)
. (5.52)

For the monopole terms with l greater than a threshold L0, this is expressed through a
split-step operator method in order to circumvent numerical issues due to the stiffness of the
Hamiltonian including the centrifugal barrier:

exp
(
−iδtĤ(l)

0 (t)
)
≈ exp

(
−iδt

2

l(l + 1)

r2

)(
Îr + i

δt
2

Ĥ
(0)
0

)−1(
Îr − i

δt
2

Ĥ
(0)
0

)
× exp

(
−iδt

2

l(l + 1)

r2

)
.

(5.53)

This is calculated in advanced and saved for repeated use at each time step during the
simulation. Since the Ĥ(l) are diagonal in r, their exponentiation is calculated directly in
l-space only once at the beginning of the simulation. Thus, the only components of its
associated propagator Û(l) calculated at each time step are the changes to the multielectron
interaction potentials. The algorithm used for propagation is shown in Algorithm 3.

Algorithm 3 Time propagation for the TD-DFT

for j = 0 to Nt do
Calculate electron density, Hartree potential, and exchange-correlation potential
for lh = Lh to 0 do

ϕα → Û(lh)ϕα
end for
ϕα → Û0ϕα

for lh = 0 to Lh do
ϕα → Û(lh)ϕα

end for
end for
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Calculation of Observables

For a dipolar observable operator, f̂ , represented by a function f(r), the expectation
value f(t) = 〈f̂〉 is calculated as follows [67]:

f(t) =

∫
d3r
∑
α,l,l′

(
ϕ∗α;l(r, t)Y

∗
l,mα(Θ)

)
f(r) cos(ϑ) (ϕα;l′(r, t)Yl′,mα(Θ))

=
∑
α,l

∫ ∞
0

[
cl,mαϕ

∗
α;l+1(r, t) + cl−1,mαϕ

∗
α;l−1(r, t)

]
f(r)ϕα;l(r)dr.

(5.54)

f(r) = r for the calculation of the dipole moment and f(r) = −∂v/∂r for the dipole
acceleration. The dipole spectrum is then calculated by first multiplying the dipole moment
by a Kaiser window function [68], taking its second-order time derivative, and evaluating the
Fourier transform of the result.

5.2.6 GP-GPU Implementation and Program Access

The program is written in a combination of Python and the GP-GPU programming lan-
guage CUDA-C. The ground state, numerical grid, and propagator matrices are initially
calculated in Python and then used in the CUDA-C program which performs the time prop-
agation. Access to the source code is provided in Appendix A.

Summary: With this, the theory behind attosecond pulse measurement and the frame-
work of the simulation models has been established. The next four chapters describe
the in situ measurement of transition moment phase shifts in a variety of systems using
analytic theory, numerical simulation, and experiment.
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Part III

In Situ Measurement and the
Transition Moment Phase
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Chapter 6

Attosecond In Situ Measurement and
Photorecombination

Outline: The measurement of transition moment phase shifts in single active electron
systems using attosecond in situ techniques is described using the strong field approxi-
mation and shown to depend on the nature of the transition moment phase shift. This is
done by including the transition moment phase in the saddle-point analysis used in the
strong field approximation and then incorporating the effect of the perturbing field on
the transition moment phase. Then, the sensitivity of in situ techniques to the transition
moment phase is demonstrated using a model argon atom exhibiting a Cooper minimum.
Finally, it is shown that in situ measurement is insensitive to transition moment phase
shifts due to ionic structure due to the quantum path interference nature of two-centre
interference.

The work presented in this chapter is based entirely on my own research and is included
in one publication of mine [69].

When the SFA was first published, the important issue was high harmonic pulse produc-
tion and the potential of using extreme nonlinear optics for measurement was not addressed
[2]. Yet the formalism introduced in that paper clarifies the controversial issue of the sensi-
tivity of in situ measurement to the transition moment phase, just as it clarified the issue of
attosecond pulse production at the time it was published.

The controversy can be understood by considering the three-step model of high harmonic
generation [1]. Although not stated at the time, the three steps appear independent [70].
QRS [24], introduced later, made the independence of the steps a formal assumption. If the
steps are truly independent, then nonlinear optics can only measure those steps that are
optically influenced and it is the recollision electron trajectory in the continuum that is most
easily influenced. Thus, it would seem that nonlinear optics might have little to say about
the dynamics of ionization or recombination.

However, one can easily understand an alternate perspective. The observation of coherent
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radiation from recollision requires the recolliding electron to return to its initial state [2]. The
requirement for recombination to the same initial state acts analogously to phase-matching
in determining attosecond pulse emission. If the transition moment coupling the initial and
continuum states is complex, then phase-matching favours components of the continuum
electron wave packet appropriately phased with respect to both continuum dynamics and
the transition moment. That is, the transition moment not only affects ionization and re-
combination, but which components of the continuum wave packet dominate dipole emission
as well.

In this chapter, I will show how this occurs during recollision in single-active electron
systems and, thereby, how fully optical measurements of attosecond dynamics can be ac-
complished. I do this by extending the SFA to account for phase shifts in the transition
moment between bound and continuum states. I then describe the effect of the transition
moment on in situ measurement [19] and investigate its application in systems with tran-
sition moment phase shifts due to spectral minima arising from electronic [71] and ionic
structure [10, 9]. I then consider the effect of shape resonances in HHG [72]. These results
show that the sensitivity of all-optical measurement to the transition moment phase depends
on the nature of the phase shift. In particular, I show all-optical measurement is insensitive
to phase shifts arising from ionic structure, but sensitive to phase shifts arising from elec-
tronic structure. The measurement of multielectron effects will be discussed in Chapters 7,
Chapters 8, and 9.

6.1 The Strong-Field Approximation with a Transition

Moment Phase

As in Chapter 2, I begin with a single-active electron atom with ground state |ψ0〉 and
ionization potential Ip interacting with a time-dependent strong laser field F(t) with vector
potential A(t) polarized along ẑ. Below, vector notation is omitted, as all parameters are
parallel to ẑ. I let P (t) = k +A(t) denote the recollision electron kinetic momentum, where
k is the electron canonical momentum. The same assumptions as in the original SFA [2] are
used here: (i) the contribution of all bounds states except the ground state can be neglected,
(ii) ground state depletion is neglected, and (iii) that the influence of the ionic potential in
the continuum is neglected.

Within the SFA, the time-dependent recollision dipole moment at time tr can be expressed
as follows:

D(tr) = −i
∫
dk

∫ tr

−∞
dtbd

∗ (P (tr)) e
−i[S(k,tb,tr)+Ip(tr−tb)]F (tb) · d (P (tb)) , (6.1)

where tb is the time of ionization, tr is the time of recombination, S(k, tb, tr) is the semi-
classical action, and d(k) is the complex transition moment along ẑ,
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d(k) = 〈k|z|ψ0〉. (6.2)

In addition to the evolution of the ground state and the semi-classical action, I include the
phase of the transition moment in the saddle-point analysis below. Proceeding similarly to
QRS [24], I incorporate the known transition moment phase Φ(k) = arg(d(k)) at momentum
k into the integrand. Working within the time domain, the total integrand phase is

Φtot(k, tb, tr) = S(k, tb, tr) + Ip(tr − tb) + Φ (P (tb))− Φ (P (tr)) , (6.3)

where Ip(tr − tb) describes the evolution of the ground state. The inclusion of the transition
moment phase in the saddle-point analysis yields the following set of modified saddle-point
equations for the dipole moment in the time domain:

0 =

∫ tr

tb

P (τ)dτ − Φ′(P (tr)) + Φ′(P (tb)), (6.4)

0 =
P 2(tb)

2
+ Ip + F (tb)Φ

′(P (tb)). (6.5)

It must be noted that the application of the saddle-point approximation is only suitable for
systems in which the transition moment phase shift varies sufficiently slowly over a small
energy range. The model argon and diatomic molecular systems both exhibit transition
moment phase shifts which permit the use of the saddle-point analysis. Before describing
these systems, however, I first discuss how in situ measurement is affected by the transition
moment phase.

6.2 Adapting In Situ Measurement to a Transition

Moment Phase

I consider a collinear ω − 2ω measurement using sinusoidal fields, as described in Chap-
ter 3, for simplicity. In situ measurement was originally described in systems where the
transition moment phase is slowly varying (i.e. Φ′(k) ≈ 0). Accordingly, the effect of
the perturbing field is included solely within the semi-classical action S(k, tb, tr) and the
perturbation-induced phase shift due to the modified action is as given in eq. (3.11):

σ0(k, tb, tr, φ) =

∫ tr

tb

[k + A(τ)] · Ap(τ, φ)dτ. (6.6)

Here, however, I am interested in the case where the transition moment phase is not slowly
varying and cannot be neglected. In this case, the total perturbation-induced phase shift is
found by expanding the total phase in eq. (6.3) with P (t) → P (t) + Ap(t, φ) to first-order
in η and is given as follows:
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σ(k, tb, tr, φ) = σ0(k, tb, tr, φ) + Ap(tb, φ)Φ′(P (tb))− Ap(tr, φ)Φ′(P (tr)). (6.7)

Thus, the perturbation-induced phase shift is affected by the transition moment in two ways.
First, the transition moment affects the saddle-point solutions directly and, thus, affects the
change to the semi-classical action, σ0(k, tb, tr, φ). Second, the measurement is affected by
the influence of the perturbing field on the transition moment.

Like in Chapter 3, I work with sinusoidal driving and perturbing fields. Consequently, the
perturbation-induced phase shift including the effect of the perturbing field on the transition
moment can be factored into rapidly and slowly varying components, Σ(k, tb, tr) and cos(φ−
θ(k, tb, tr)), respectively, using eqs. (3.10), (3.11), and (6.7) as follows [19]:

σ(k, tb, tr, φ) = σc(k, tb, tr) sin(φ) + σs(k, tb, tr) cos(φ)

= Σ(k, tb, tr) cos(φ− θ(tb, tr)),
(6.8)

where Σ(k, tb, tr) and θ(tb, tr) can be found using the same methods as in Chapter 3. Thus,
the variation of the intensity of the 2nth even harmonic with the relative phase φ can be
analyzed similarly to a system without a transition moment phase shift:∣∣∣D̃(2Nω0, φ)

∣∣∣2 ∝ cos2 (φ− θ(k, tb, tr)) , (6.9)

where the effect of the transition moment is contained within θ(k, tb, tr). Since the even
harmonic emission times are found through the maximizing phase, φmax = θ(k, tb, tr), the
sensitivity of in situ measurement to the transition moment phase can be determined through
the sensitivity of θ(k, tb, tr).

6.3 In Situ Measurement and the Transition Moment

Phase

I now describe the saddle-point analysis and in situ measurement in systems exhibiting
a transition moment phase shift. I first consider the case of a spectral minimum due to
electronic structure within the transition moment, using the Cooper minimum in argon as
an example [71]. This is explored in greater detail using my TD-DFT model in Chapter 8.
I then consider the measurement of recollision in a diatomic molecule [10, 9], which exhibits
a π-phase jump in its transition moment due to two-centre interference. Finally, I consider
transition moment phase shifts due to shape resonances [72]. I will demonstrate that in situ
measurement is generally sensitive to the transition moment phase, but insensitive to phase
shifts arising from ionic structure.

For consistency, all the calculations presented in this chapter are done using a sinusoidal
driving field with a wavelength of 1.8 µm and peak intensity of 1 × 1014 W/cm2 and a
perturbing co-polarized second-harmonic field with a relative intensity 10−4.
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Figure 6.1 – The recombination cross-section (solid blue) and phase (dashed red) for the
model argon atom are plotted on the left and right axes, respectively. A spectral minimum
and π-phase shift occurs near 52 eV.

6.3.1 Spectral Minimum from Electronic Structure

I consider an atomic system of ionization potential 15.8 eV with a transition moment as
depicted in Fig. 6.1, where the absolute cross-section (solid blue) and transition moment
phase (dashed red) are shown. A spectral minimum and π-phase shift is observed near
52 eV. This model is chosen due to its similarity to the transition moment in argon [7].
The transition moment phase Φ(k) at momentum k from Fig. 6.1 is incorporated into the
saddle-point analysis of the SFA by using the modified saddle-point equations (6.4) and (6.5).

The saddle-point solutions are found numerically and shown in Fig. 6.2. Fig. 6.2 (a)
depicts the trajectory excursion time as a function of the emitted photon energy from the
system including the transition moment phase (solid blue) and a reference equivalent system
without the transition moment phase (dashed red). The excursion time for the system with
the transition moment phase shift deviates from the reference system around 52 eV due to
the transition moment phase shift. This difference is depicted in Fig. 6.2 (b) along the left
axis (solid red) and is largest (−135 as) around the minimum.

Within eqs. (6.4) and (6.5), the gradient of the transition moment phase acts equiva-
lently to a spatial offset. The return condition in eq. (6.4) is offset by the difference in the
transition moment phase gradient at the times of ionization and recombination. Eq. (6.5),
the condition for energy conservation during ionization, is shifted in energy equivalently to a
dipole interaction with the driving electric field at a position equal to the transition moment
phase gradient. Thus, it is expected that the relative positions of ionization and recom-
bination will depend on the gradient of the transition moment phase. Fig. 6.2 (b) shows
the difference between the positions of ionization and recombination, ∆x, on the right axis
(dashed blue). Clearly, the structure of ∆x reflects the structure of the change in excursion
time. In argon, the Cooper minimum results from the nodal structure of the ground state
wavefunction [71], wherein the radial ground state wavefunction exhibits a tightly-bound in-
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Figure 6.2 – (a) The short-trajectory excursion times as a function of emitted photon
energy calculated with (solid blue) and without (dashed red) the transition-moment phase
from Fig. 6.1 in eqs. (6.4) and (6.5). (b) The difference in excursion time between the
systems with and without the transition moment phase from the excursion times presented
in (a) (solid red) are plotted on the left axis. The difference in the positions of ionization
and recombination as a function of energy (dashed blue) is plotted on the right axis.

ner lobe and a larger outer lobe with a radial extent of ∼ 10 a.u. At the spectral minimum,
the dipole emission from these lobes cancels. Passing through the minimum, the lobe which
dominates dipole emission changes, resulting in the phase shift and a change in emission
position. Thus, the variation in Fig. 6.2 (b) is interpreted as a consequence of the structure
of the ground state wavefunction structure.

With the saddle-point system solved, the in situ measurement of this model system can
be considered. Eq. (6.7) is used to calculate the phase θ(k, tb, tr) which maximizes the even-
harmonic signal and eq. (6.9) is used to calculate variation of the even-harmonic intensity
with the relative phase between the driving and perturbing fields. The same calculation for
an equivalent system without a transition moment phase is used as a reference.

The resultant spectrogram depicting the normalized variation of the even-harmonic in-
tensity with the relative phase between the driving and perturbing fields is shown in Fig.
6.3. The overlaid solid red line depicts the maximizing phase θ(k, tb, tr) calculated from the
model argon atom while the dashed blue line shows the same result for a reference atom
without a transition moment phase shift. A clear deviation from the reference result around
52 eV is observed in the result including the transition moment phase. Above and below
the resonance, the two results agree. The trajectory excursion time from our model argon
atom (dot-dash purple) agrees with the maximizing phase. This result indicates that in situ
measurement is sensitive to the transition moment phase and agrees with recent experimen-
tal and theoretical work [40] reporting the in situ measurement of recollision in argon (see
Chapter 8).
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Figure 6.3 – The spectrogram showing variation of the even-harmonic intensity in an in situ
measurement of the model argon atom with respect to the relative phase between the driving
and perturbing fields. The overlaid solid red and dashed blue lines show the maximizing
phase for the model argon and reference atoms, respectively. The overlaid purple dash-
dotted line depicts the scaled excursion time as shown in Fig. 6.2.

6.3.2 Ionic Structure

I now address the apparent discrepancy between our results above, recent experimental
and theoretical work in argon [40], and the study which demonstrated attosecond in situ
measurement is insensitive to the transition moment phase shift associated with two-centre
interference in a diatomic molecular system [9]. This study compared attosecond collinear
ω−2ω in situ measurement with RABBIT [32] and found that, while the RABBIT measure-
ment is sensitive to the transition moment phase from two-centre interference, the effect of
the phase shift was completely absent from the in situ measurement result. Here, I show that
those results are consistent with this work and that the insensitivity of in situ measurement
to two-centre interference phase shift is due to the quantum path interference nature of said
phase shift.

In order to calculate recollision in diatomic molecules with the SFA, I use the formalism
presented in [27] due to the agreement of the dipole phase with numerical TDSE simulation.
For simplicity, I consider a one-dimensional diatomic molecule with atomic centres located
at x = ±R/2, where R is the internuclear separation. The atomic centres of ionization and
recombination are labelled as α, β = 1, 2, respectively, such that the positions of ionization
and recombination are (−1)γR/2 with γ = α, β. With this, there are four possible recollision
trajectories corresponding to ionization from and recombination to each atomic centre. This
is depicted in Fig. 6.4. The red (blue) trajectories correspond to those which ionize from
and recombine to the same (opposite) atomic centres. Accordingly, the parameters for each
trajectory are labelled with the subscript αβ. This analysis is straightforward to extend to
more complex systems.

The ground state ψ(x) is described using an even linear combination of atomic orbitals
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Figure 6.4 – In a diatomic molecule, there are four possible recollision trajectories. With
the two atomic centres labelled as 1 and 2, trajectories can either ionize from and recombine
to the same atomic centre (i.e. 1 → 1 and 2 → 2) as depicted in red, or ionize from and
recombine to opposite atomic centres (i.e. 1→ 2 and 2→ 1), as depicted in blue.

centred at each atomic centre. The recombination and ionization matrix elements are, re-
spectively, given as follows:

drec(k) = R(k)
(
eikR/2 + e−ikR/2

)
, (6.10)

dion(k, t) = I1(k, t)eikR/2 + I2(k, t)e−ikR/2, (6.11)

where R(k) and Iα(k, tb) denote the recombination and ionization matrix elements for the
atomic orbital which makes up the ground state [27]. With these, the recollision dipole
spectrum is represented as the sum of four terms, corresponding to each αβ trajectory:

D̃(Ω) =
2∑

α,β=1

∫
dk

∫ ∞
−∞

dtr

∫ tb

−∞
R(P (tr))Iα(P (tb))e

−i[S(k,tb,tr)+Ip(tr−tb)−Ωtr+Φα(P (tb)−Φβ(P (tr))],

(6.12)

where

Φγ(k) = (−1)γk
R

2
(6.13)

acts as an effective transition moment phase for the αβ trajectory. From eq. (6.13), the
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Figure 6.5 – The recombination cross-section and phase for a one-dimensional diatomic
molecule with an internuclear separation of 1.8 a.u. and ionization potential of 15.8 eV
calculated using eqs. (6.14-6.16) and the first-order approximation given in [27] using a
sinusoidal driving field of wavelength 1.8 µm and peak intensity 1× 1014 W/cm2.

gradient of the transition moment phase Φ′γ(k) = (−1)γR/2 is a constant.

As demonstrated in [27], the corrections to the changes to the saddle-point solutions
from a simple atomic system due to the transition moment phase in eq. (6.13) are small. I
find the first-order Taylor expansion of the saddle-point eqs. (2.32 - 2.34) to first-order with
respect to R, as in [27]. This expansion is performed about the saddle-point solutions for
a system without a transition moment phase shift, k, tb, and tr, which are labelled as the
zeroth-order solutions. This results in the following corrections to the saddle-point solutions
from the zeroth-order solution for each αβ trajectory:

∆k
(1)
αβ = 0, (6.14)

∆t
(1)
b,α =

(−1)αR

2(k + A(tb))
, (6.15)

∆t
(1)
r,β =

(−1)βR

2(k + A(tr))
, (6.16)

The dipole spectrum in eq. (6.12) can be expanded to first-order in R using these saddle-
point corrections. The first-order recombination transition moment cross-section and phase
calculated with this model using a 1.8 µm driving field of peak intensity 1× 1014 W/cm2 are
shown in Fig. 6.5. Although it appears similar to the transition moment depicted in Fig. 6.1
for the model argon atom, the origin of the spectral minimum in each case differ. While the
Cooper minimum is a result of the structure of the ground state wavefunction, the spectral
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Figure 6.6 – The recombination times for trajectories recombining to the left and right
atomic centres in a diatomic molecule of internuclear separation R = 1.8 a.u and ionization
potential 15.8 eV are shown by the solid red and blue lines, respectively. The recombination
times in a reference atom with an equivalent ionization potential is shown by the dashed
green line.

minimum here results from the interference of the four possible αβ trajectories.

From eqs. (6.14-6.16), it is apparent that the individual trajectories do not reflect the
spectral structure of the transition moment phase in Fig. 6.5. This is demonstrated in
Fig. 6.6, which shows the recombination times for trajectories with β = 1, 2 (red and blue
solid lines, respectively) and the recombination time for the reference atomic system (dashed
green). The correction to the recombination time corresponds to the time required for an
electron of kinetic momentum P (tr) to travel a distance of (−1)βR/2 and varies adiabatically
with the recollision electron energy.

I now consider an in situ measurement. Since |∆t(1)
r,β|/tr, |∆t

(1)
b,α|/tb � 1, I expand eq.

(6.7) to first-order in ∆t
(1)
r,β and ∆t

(1)
b,α for each αβ trajectory. The perturbation-induced

phase shift for the αβ trajectory to first-order, σαβ(k, tb, tr, φ), is given as follows:

σαβ(k, tb, tr, φ) = σ0(k, tb, tr, φ) + Ap(tb)Φ
′
α(P (tb))− Ap(tr)Φ′β(P (tr))

+

(
Ep(tr, φ)Φ′β(P (tr)) +

∂σ0

∂tr

∣∣∣∣
k,tb,tr

+ E(tr)Ap(tr, φ)Φ′′β(P (tr))

)
∆t

(1)
r,β

−

(
Ep(tb, φ)Φ′α(P (tb)) +

∂σ0

∂tb

∣∣∣∣
k,tb,tr

+ E(tb)Ap(tb, φ)Φ′′α(P (tb))

)
∆t

(1)
b,β,

(6.17)
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Figure 6.7 – The spectrogram showing the variation of the even-harmonic intensity in an
in situ measurement in the two-centre system with respect to the relative phase between
the driving and perturbing fields. The overlaid solid red and dashed blue lines show the
maximizing phase for the diatomic molecule and reference atom, respectively. The driving
field intensity and wavelength are 1× 1014 W/cm−2.

where I have solely retained terms which include the perturbing field. Within this first-order
approximation, the influence of the perturbing field on the transition moment exactly cancels
the change in σ0(k, tb, tr) due to ∆t

(1)
b,α and ∆t

(1)
r,β, since

∂σ0

∂tr

∣∣∣∣
k,tb,tr

∆t
(1)
r,β = Ap(tr, φ)Φ′β(P (tr)), (6.18)

∂σ0

∂tb

∣∣∣∣
k,tb,tr

∆t
(1)
b,α = −Ap(tb, φ)Φ′α(P (tb)). (6.19)

Further, the phase Φγ(k) varies linearly with respect to momentum and, therefore, Φ′′γ(k) = 0.
The total perturbation-induced phase shift is then given as follows:

σαβ(k, tb, tr, φ) = σ0(k, tb, tr, φ) +
Ep(tr, φ)

k + A(tr)

R2

4
− Ep(tb, φ)

k + A(tb)

R2

4
. (6.20)

The effective perturbation-induced phase shift is equal to the sum of that in a system with-
out a transition moment phase and a term proportional to square of the distance of the dis-
placed ionization and recombination atomic centres to the origin. Thus, all trajectories in a
symmetric diatomic molecule exhibit the same perturbation-induced phase shift. Further, the
change in the perturbation-induced phase shift is small, since ω0, |∆t(1)

r,β|/tr, |∆t
(1)
b,α|/tb � 1.

Therefore, the results of an in situ measurement in a two-centre system and reference atomic
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Figure 6.8 – The difference in the maximizing phase between the two-centre and reference
atomic systems from the simulated in situ measurement in Fig. 6.7.

system will exhibit negligible differences. This is in contrast to the study of the Cooper mini-
mum in argon, wherein the transition moment phase within a single trajectory is not a linear
function of momentum and the large variation of the phase shift within a single recollision
trajectory necessitates higher-order descriptions of the measurement.

The predicted in situ measurement result from this analysis is shown in Fig. 6.7, which
depicts a spectrogram of the variation of the even-harmonic intensity with the relative phase
between the driving and perturbing fields. The overlaid solid red and dashed blue lines depict
the maximizing phase for the two-centre and an equivalent reference atomic system without
a transition moment phase shift. The results for the diatomic molecule and reference atomic
system are nearly identical, except at low energies, and the structure of the phase jump in
Fig. 6.5 is completely absent. The difference in the maximizing phase for the two-centre and
reference atomic systems is shown in Fig. 6.8. Like the change in recombination time due
to ionic structure, the difference in maximizing phase between the two-centre and reference
atom is largest at low energies and decreases monotonically with energy. Around the position
of the minimum, this difference is less than 10 mrad and exhibits no features reflective of
the spectral minimum.

This analysis is consistent with the findings of [9] and implies the nature of the transition
moment phase is critical in determining the sensitivity of in situ measurement to recombi-
nation dynamics. This suggests that measurements of recollision in complex molecules using
both ex situ and in situ measurement can be used to isolate spectral features of attosecond
pulses due to ionic and electronic structure.
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6.3.3 Shape Resonances

As observed in SF6, shape resonances due to ionic structure can also significantly affect
attosecond pulse emission [73]. In situ measurement, however, seems to be insensitive to
these effects [72]. In such processes, the recollision electron is temporarily trapped in a
quasi-bound state |ξ〉 due to the shape of the ionic potential.

This trapping is inherently a single-electron process and, assuming that the electron in
the quasi-bound state is highly localized, can be described within the SFA as follows:

D̃(Ω) = −i
∫
dk

∫ ∞
−∞

dtr

∫ tr

−∞
dtsr

∫ tsr

−∞
dtb d

∗
0,ξdξ(k + A(tsr))e

−i[S(k,tb,tsr)−Eξ(tr−tsr)+Ip(tsr−tb)]

× E(tb)d0(k + A(tb))e
iΩtr ,

(6.21)

where tsr is the time the electron is trapped into the quasi-bound state, Eξ is the energy of
the quasi-bound state, and (v̂ is the ionic potential)

d0,sr = 〈ψ0|z|ξ〉 , (6.22)

dξ = 〈ξ|v̂|k + A(tsr)〉 . (6.23)

The order of integration in eq. (6.21) can be re-ordered such that

D̃(Ω) ∝ − i

Γ/2− i(Ω− Esr + E0)

∫ ∞
−∞

dtsr

∫ tsr

−∞
dtbdsr(k + A(tsr))e

−i[S(k,tb,tsr+Ip(tsr−tb)]

× E(tb)d0(k + A(tb))e
iΩtsr .

(6.24)

This expression is equivalent to the conventional SFA dipole spectrum with a modulation
in its amplitude and phase from the transition moment coupling the shape resonance to the
ground state. Most importantly, the phase of the integrand is equivalent to that of the con-
ventional SFA. Therefore, the SFA does not predict that in situ measurement is sensitive to
the phase variation arising from the shape resonance in SF6, in agreement with the findings
of [72].

6.4 Conclusions

The sensitivity of attosecond in situ measurement to transition moment phase shifts can
be explained by considering how the transition moment phase affects recollision trajecto-
ries. If the transition moment is real or its phase varies sufficiently slowly, then its effect on
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recollision trajectories is negligible and it is the semi-classical action which dictates which
trajectories dominate dipole emission. If, however, the transition moment is complex and
rapidly varying, its phase can be as important in determining the stationary phase points
as the semi-classical action. Since the ground state wavefunction cannot be varied, phase
matching favours components of the recollision wave packet with a spectral phase which
complements the transition moment phase. These results demonstrate that the effect of the
perturbing field on the transition moment, which is typically neglected, must be included
in the description of recollision in two-colour fields. This follows from the insensitivity of in
situ measurement to the phase jump in the two-centre system, which results from a first-
order cancellation of the change in the perturbation-induced phase shift due to the modified
saddle-point solutions and the effect of the perturbing field on the transition moment.

Although the collinear ω − 2ω in situ measurement was considered here, the findings
are generally true for all forms of in situ measurement. This will be demonstrated for the
single-image and non-collinear ω− 2ω measurements in the subsequent chapters and follows
from the perturbation-induced phase shift accounting for the transition moment phase shift
in eq. (6.7).

This chapter focused on transition moment phase shifts describable with single-active
electron descriptions of recollision. Chapters 7 and 9 will discuss transition moment phase
shifts attributable to multielectron interaction in the one-dimensional helium atom and
xenon, respectively. The results in Chapter 9 introduce an extension of the SFA which
accounts for multielectron interaction and demonstrates the feasibility of using attosecond
in situ measurement to characterize multielectron dynamics similarly to the results of this
chapter.

Summary: The results of this chapter demonstrate that the sensitivity of all-optical
measurement to transition moment phase shifts due to electronic structure is consistent
with the insensitivity of these measurements to phase shifts arising from two-centre
interference. The rest of this thesis will present both ab initio and experimental results
which validate the results presented in this chapter.
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Chapter 7

One-Dimensional TDSE Studies

Outline: This chapter presents results from a series of one-dimensional simulations in-
vestigating the sensitivity of attosecond in situ measurement to the transition moment
phase in various systems.

The work presented in this chapter is based entirely on my own research and is included
in one publication of mine [57].

This chapter presents results which help in understanding the sensitivity (and insen-
sitivity) of in situ measurement to transition moment phase shifts using a series of one-
dimensional TDSE simulations. Three prototypical one-dimensional cases are considered:

1. A simple atom with a flat recombination cross-section, which exhibits no significant
transition moment phase shifts. This system will serve as a reference.

2. A two-centre system, which exhibits a spectral minimum and phase shift due to two-
centre interference and ionic structure.

3. A two-electron one-dimensional helium atom, which exhibits doubly-excited bound
states with energies above the single ionization threshold. The excitation of these
states by the recollision electron produces Fano resonances in the attosecond pulse
spectrum. The description of this system is outlined in Chapters 4 and 5.

This chapter serves as a toy-model summary of the main results of this thesis. I confirm the
insensitivity of in situ measurement to the transition moment phase shift due to two-centre
interference, but find higher-order effects do manifest in measurement under certain condi-
tions. I then demonstrate the sensitivity of in situ measurement to multielectron interaction.

7.1 A Simple Atom

I first consider a one-dimensional simple atom in its ground state to serve as a refer-
ence. The one-dimensional atom is described using a soft-core Coulomb potential. The
Hamiltonian, Ĥat is given as follows:
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Figure 7.1 – (a) The ground state wavefunction (red) and potential (dashed blue) for a
one-dimensional atom with a soft-core Coulomb potential. (b) The recombination cross-
section for the simple atom as a function of continuum state energy. (c) The attosecond
pulse spectral intensity (solid red) and group delay (dashed blue) generated in the one-
dimensional simple atom with the Hamiltonian in eq. 7.1. The driving field is a 1.8 µm
single-cycle sine-pulse of peak intensity 1× 1014 W cm−2.

Ĥat = −1

2

∂2

∂x2
− Z√

x2 + α2
, (7.1)

where Z = 1 and α = 1. The system is described using a finite-difference approximation for
the Laplacian operator using a uniform grid consisting of 1024 grid points with a spacing
of dx = 0.25 a.u. The ground state wavefunction is found by directly diagonalizing the
Hamiltonian and has an ionization potential of 18.24 eV. Fig. 7.1 (a) depicts the ground
state wavefunction (solid red) and potential (dashed blue). The wavefunction resembles an
s-state in a hydrogenic atom and does not exhibit any nodes. The absolute value of the
dipole transition moment between the ground and continuum states is shown in Fig. 7.1 (b)
as a function of continuum state energy. The transition moment is a monotonically decaying
function of energy and exhibits no phase jumps.

74



25 50 75 100
Energy (eV)

4

2

0

2

4
De

la
y 

(o
pt

. c
yc

le
)

a

25 50 75 100
Energy (eV)

0

2

4

6

Gr
ou

p 
De

la
y 

(fs
)

b

0.0
0.2
0.4
0.6
0.8
1.0

In
te

ns
ity

 (a
rb

.)

Figure 7.2 – (a) The single-image in situ spectrogram depicting the variation of the at-
tosecond pulse spectrum from the one-dimensional atom with the effective delay between
the driving and perturbing fields. (b) The group delay calculated from the unperturbed
spectrum (dashed blue) and measured from the single-image spectrogram (solid red). The
driving field is a single-cycle 1.8 µm sine-pulse of peak intensity 1× 1014 W/cm2.

For the time-dependent simulation, I use time step of dt = 4 as and time propagation is
implemented using the Crank-Nicholson method. The driving field is a single-cycle 1.8 µm
pulse with a peak intensity of 1× 1014 W/cm2. Transmission-free absorbing boundaries are
used and begin at |x0| = 0.8×E0/ω

2
0 = 67 a.u. The calculated attosecond pulse spectrum is

shown in Fig. 7.1 (c) by the solid red line. The spectrum is smooth and relatively flat due to
the absorption of the long trajectories. The group delay is shown by the dashed blue curve.
Above the ionization threshold, the group delay increases linearly until the cutoff near 100
eV and resembles the recombination time as predicted by the SFA.

The single-image in situ measurement is calculated by including a same-colour perturb-
ing field with a relative intensity of 10−4 and incident angle of 60 mrad with respect to the
driving field. The non-collinear geometry is mapped to an effective temporal delay between
the driving and perturbing fields given by eq. (3.29). Both beams are assumed to have
uniform intensity profiles. The relative delay between the driving and perturbing fields is
scanned over a range of 8 optical cycles of the driving field. The simulated in situ spectro-
gram is shown in Fig. 7.2 (a). The contour plot depicts the variation of the attosecond pulse
intensity spectrum with respect to the effective delay between the driving and perturbing
fields. Each energy component of the attosecond pulse spectrum modulates with respect to
the delay and the phase of these modulations is proportional to the recollision electron wave
packet group delay. Fig. 7.2 (b) shows the measured group delay (solid red) alongside the
calculated group delay, as depicted in Fig. 7.1, and these results are in agreement.
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Figure 7.3 – (a) The ground state wavefunction (red), first excited state (purple and
shifted for clarity) and potential (blue) for a one-dimensional molecule with a two-centre
soft-core Coulomb potential. (b) The transition moment cross-section between the ground
and continuum states as a function of continuum state energy. A sharp spectral minimum
and phase shift (not shown) arises near 30 eV due to interference from the two molecular
atomic centres.

7.2 Diatomic Molecule

I now consider photorecombination effects due to ionic structure and study a one-dimensional
diatomic molecular system. From the results of Chapter 6 and [9], it is expected that in situ
measurement is insensitive to the transition moment phase in two-centre systems. However,
the conclusions of Chapter 6 result from a first-order analysis of the effect of the transition
moment phase on recollision trajectories. Thus, it is expected that higher-order effects omit-
ted from the analysis in Chapter 6 might manifest in a simulated in situ measurement in a
two-centre system. Here, the single-image method used is designed for the characterization
of isolated attosecond pulses. The continuum structure of the XUV spectra will allow for the
observation of these higher-order effects. In contrast, the collinear ω − 2ω in situ technique
studied in [9] is restricted to photon energies which are even-harmonics of the driving field
and, thus, is less sensitive narrow spectral features.

For the numerical simulation, I consider a two-centre Hamiltonian, Ĥ2c, which consists
of a pair of soft-core Coulomb potentials displaced from the origin by a distance R/2:

Ĥ2c = −1

2

∂2

∂x2
− Z/2√

(x−R/2)2 + α2
− Z/2√

(x+R/2)2 + α2
, (7.2)

where Z = 1, α = 1, and R = 1.8 a.u, resulting in an ionization potential of 16.28 eV. The
ground state (red), first excited state (purple), and potential (blue) are shown in Fig. 7.3 (a).
The double-well structure of the potential results in a broadened ground state wavefunction
and is the source of the spectral minimum and phase shift. Fig. 7.3 (b) shows the transition
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Figure 7.4 – (a) The attosecond pulse spectral intensity calculated in the two-centre system
from the full (dashed blue) and projected (solid red) TDSE solutions. (b) The calculated
group delay for the spectra in (a) with the same colour scheme. The driving field is a 1.8
µm single-cycle sine-pulse of peak intensity 1× 1014 W cm−2.

moment cross-section between the ground and continuum states as a function of continuum
state energy. A sharp spectral minimum with an accompanying π-phase shift (not shown)
is observed near 30 eV.

Motivated by the results of [9], I consider two cases: (1) a full solution of the TDSE
(referred to as the full solution) and (2) a TDSE solution where the first excited state
|φ1〉 is projected out of the electron wavefunction during time propagation (referred to as
the projected solution). Projecting out the first excited state reduces field-induced orbital
distortions of the bound state and results in sharper minimum and phase jump [27, 9]. This
is achieved by applying the projection operator P̂1,

P̂1 = Î− |φ1〉 〈φ1| , (7.3)

and renormalizing the wavefunction after each time step. As in the previous section, I use
a transmission-free absorbing boundary [5] in order to select only the short-trajectory com-
ponents of the recollision dipole spectrum and use a single-cycle driving field of wavelength
1.8 µm with a peak intensity of 1× 1014 W/cm2.

The spectral intensity of the attosecond pulses generated from these two simulations is
shown in Fig. 7.4 (a). The spectrum from the full solution (dashed blue) shows a broad
and shallow spectral minimum centred around 45 eV, while the spectrum from the projected
calculation exhibits a sharp spectral minimum. The group delay from these two calculations
is shown in Fig. 7.4 (b). For the full solution (dashed blue), the group delay exhibits a broad
positive deviation from the expected atto-chirp around the spectral minimum. The group
delay from the projected solution exhibits a large negative variation around the spectral
minimum.
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Figure 7.5 – (a) The single-image in situ spectrogram from the simulated measurement
in the two-centre system depicting the variation of the projected attosecond pulse spectrum
with the effective delay between the driving and perturbing fields. (b) The measured (solid)
and calculated (dashed) group delay from the full (blue) and projected (red) TDSE solutions.
The driving field was a single-cycle 1.8 µm sine-pulse of peak intensity 1× 1014 W cm−2.

The single-image in situ measurement is calculated as in the previous section. The re-
sultant spectrogram from the projected simulation is shown in Fig. 7.5 (a) (the spectrogram
from the full solution is not shown). The measured (solid lines) and calculated group de-
lays (dashed lines) from each calculation are shown in Fig. 7.5 (b). The solid blue curve
shows the modulation phase from the full TDSE simulated single-image measurement and
the dashed blue curve shows the corresponding calculated group delay. While the variation
in the group delay of the full solution around the spectral minimum is relatively smooth,
it is clearly absent from the measurement result. The measurement is similar to the result
obtained for the simple atom in Fig. 7.2.

The solid and dashed red curves show the measured and calculated group delay from the
projected solutions, respectively. The measured group delay from projected TDSE solution
exhibits a small deviation of −40 as from the reference atomic group delay around the
spectral minimum, although this deviation is much smaller than the calculated group delay
variation. As stated above, however, this deviation is expected since the insensitivity of
in situ measurement to two-centre interference follows from a first-order analysis and this
measurement technique characterizes isolated attosecond pulses with continuous spectra,
permitting the measurement of narrow spectral features. Still, the size of the measured group
delay variation is significantly smaller than the actual variation of the group delay. Given
that the full TDSE solution measurement exhibited no signs of the transition moment phase
shift and that projecting out the first excited state is not physical, these results validate the
findings of Chapter 6 and [9] regarding in situ measurement and ionic structure in physical
systems.
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(a)

(b)

Figure 7.6 – The recollision process in the two-electron helium atom. The atom, initially
in its ground state, undergoes single ionization through tunnelling due to a strong infrared
field, leaving a hole (yellow) in the ion. In the continuum, the electron is accelerated by
the strong field. The electron can then recombine and emit an XUV photon through two
different pathways: (a) the electron can recombine directly to the ground state, (b) the
electron can interact with the remaining bound electron, enter into a doubly excited state,
and then recombine into the ground state. The interference of these two pathways gives rise
to the characteristic asymmetric Fano line-shape in the dipole acceleration spectrum.

7.3 One-Dimensional Helium

Finally, I consider recollision in a two-electron system wherein Fano resonances due to
recollision-induced double-excitation is observed. Fano resonances are a broad class of reso-
nances that can occur during photoionization due to the excitation of a doubly excited state
by multielectron interaction [74]. The interference between transitions from the ground state
to a singly ionized continuum state and a degenerate doubly excited state results in an asym-
metric absorption profile characteristic of Fano resonances.

The recollision process in this context can be described using a four-step model and is
depicted in Fig. 7.6. The atom, initially in its ground state, undergoes tunnel ionization in
response to a strong field. This promotes an electron to the continuum (blue circle), leav-
ing a hole (yellow circle) in the ion. The electron in the continuum is then accelerated by
the strong field. The electron can then recombine with its parent ion through two different
pathways: (a) the electron can recombine directly to the hole from which it left and emit
an XUV photon (referred to as the direct channel), or (b) the electron can interact with the
remaining bound electron, after which the system enters into a doubly excited state (referred
to as the correlated channel). This state then recombines to the ground state and emits an
XUV photon.

Fano resonances in high harmonic generation have been theoretically predicted [75] and
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observed experimentally [76]. Measurements of the spatial coherence of resonance-enhanced
HHG suggest that the observed enhancements are due to the four-step recollision model
depicted in Fig. 7.6 [77]. The one-dimensional nature of this helium model, however, overes-
timates the cross-section for multielectron interaction and the effects studied here may not be
easily observed experimentally. Despite this, these simulations serve as a case study in order
to demonstrate the sensitivity of in situ measurement to multielectron dynamics. The mea-
surement of multielectron dynamics in realistic systems will be discussed in Chapters 8 and 9.

In order to understand recollision-induced Fano resonance excitation, it is useful to first
discuss how Fano resonances arise during photoionization. I assume a two-electron system
with ground state |ψ0〉 and singly-ionized continuum states |E〉 of energy E. I assume that
there exists a bound doubly excited state |ξ〉 with energy Eξ which is degenerate with a
single-ionized continuum state. The system for continuum state energies near the resonance
can be described through the Hamiltonian Ĥ as follows [78]:

〈ξ| Ĥ |ξ〉 = Eξ, (7.4)

〈E| Ĥ |E ′〉 = Eδ(E − E ′), (7.5)

〈E| Ĥ |ξ〉 = V, (7.6)

where I assume that V is a constant. As Fano found for photoionization [74], the shape of
the absorption spectrum, P (E), around such a resonance in helium can be described using
these states as

P (E) =
|ε+ q|2

1 + ε2
, (7.7)

where

ε =
E − Er

Γ/2
, (7.8)

Γ = 2πV 2, (7.9)

q =
〈ξ| d̂ |ψ0〉

πV 〈E| d̂ |ψ0〉
. (7.10)

and d̂ is the dipole operator. Fano resonances exhibit a characteristic asymmetric profile and
this asymmetry is determined through the parameter q, which is related to the ratio of the
transitions directly to the continuum and to the continuum through the doubly-excited state.

Recollision-induced Fano resonance excitation can be understood using an extension of
the SFA which accounts for the excitation of a doubly-excited state as an additional in-
termediary step within the three-step model. This model is similar to a model describing
photoionization of helium by an XUV pulse in the presence of an infrared field used to study
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attosecond streaking [79]. I assume that the atom begins in its ground state |ψ0〉 which has
an ionization potential Ip. The total dipole moment at time tr is described as the sum of
the direct, dd(tr) (as described in Chapter 2), and correlated, dc(tr), channels:

dd(tr) =

∫
dk

∫
dtb 〈ψ0| r̂ |k + A(tr)〉 e−i[S(k,tb,tr)+Ip(tr−tb)] 〈k + A(tb)|F(tb) · r̂ |ψ0〉 , (7.11)

dc(tr) =

∫
dk

∫
dtee

∫
dtb 〈ψ0|r̂|ξ〉 〈ξ| ÛF (tee, tr) |ξ〉 〈ξ| Ĥ |k + A(tee)〉 |ψd〉

× ei[S(k,tb,tee)+Ip(tee−tb)] 〈ψd| 〈k + A(tb)|F(tb) · r̂|ψ0〉 ,
(7.12)

where k is the canonical momentum of the recollision electron, tb is the time of ionization,
tee is the time of double excitation, F(tb) is the electric field at time tb, |k〉 |ψd〉 describes
the state of the continuum electron of momentum k and ion after ionization, and ÛF (t, t′)
describes the evolution of the doubly-excited state between times t and t′. The operator
ÛF (t, t′) has the following form [79]:

ÛF (t, t′) = exp

[
−i
∫ t′

t

dτ
(
Ĥ + |ξ〉∆ES(τ) 〈ξ|

)]
(7.13)

and ∆ES(τ) describes the dynamical Stark shift. From eq. (7.12), the correlated recollision
process as depicted in Fig. 7.6 is clear. An electron first tunnels into the continuum, is
accelerated by the field, and the system then enters into the doubly-excited state through
configuration interaction. This doubly-excited state then evolves under the influence of the
external field until it recombines to the ground state. The interference of the direct and
correlated channels will be shown below to give rise to asymmetric resonance profiles char-
acteristic of Fano resonances in the dipole acceleration spectrum.

The influence of the single-cycle driving and perturbing fields is described using the
dynamical Stark shift calculated by approximating an electron in the doubly-excited state
as asymptotically free [80]. Such a description has been demonstrated to accurately describe
the photoionization of helium in the presence of an infrared field with intensities up to 1013

W/cm2 and a pulse duration of 7 fs [81]. In that work, the infrared field was observed to
impart a controllable phase shift proportional to the infrared pulse intensity onto the doubly
excited state during its evolution, resulting in a periodic modulation of the asymmetry of
the Fano resonance shape. I proceed similarly here. Including the relative phase between the
driving and perturbing fields, φ, and treating the asymptotically free electron semi-classically,
the dynamical Stark shift can be described through the following:

∆E(t, φ) =
1

2
(A(t) + Ap(t, φ))2

≈ 1

2
A2(t) + A(t)Ap(t, φ) +O

(
η2
)

= ∆E0(t) + δEp(t, φ),

(7.14)
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where

∆E0(t) =
1

2
A2(t), (7.15)

δEp(t, φ) = A(t)Ap(t, φ). (7.16)

From eq. (7.14 - 7.16), the influence of the driving and perturbing fields on the doubly-excited
state is composed of two components. The first, ∆E0(t), involves only the driving field and
contributes to the shape of the resonance as observed through unperturbed recollision. In
simulations, varying the driving field intensity was observed to modulate the asymmetry of
the Fano resonances within the attosecond pulse spectra similarly to the behaviour observed
in [80, 81].

The second component, δEp(t), involves the perturbing field and can be controlled. This
control will permit the observation of the evolution of doubly excited states in the presence
of strong fields. This is made explicit by including this approximate dynamical Stark shift
into the propagator ÛF (tee, tr):

ÛF (tee, tr) ≈ exp

[
−iEξ(tr − tee) +

∫ tr

tee

∆E0(τ)dτ + σξ(tee, tr, φ)

]
, (7.17)

where

σξ(tee, tr, φ) =

∫ tr

tee

A(τ)Ap(τ, φ)dτ. (7.18)

This along with the change in the semi-classical action due to the perturbing field (as de-
scribed in eq. (3.13)) yields the total perturbation-induced phase shift:

σ(k, tb, tee, tr, φ) =

∫ tee

tb

[k + Ap(τ)] · Ap(τ, φ)dτ +

∫ tr

tee

A(τ)Ap(τ, φ)dτ. (7.19)

Thus, the influence of the perturbing field results in a controllable phase shift, through which
the evolution of the doubly excited state can be monitored.

The effect of recollision-induced double excitation on the attosecond pulse spectrum is
depicted in Fig. 7.7, which depicts the total attosecond pulse spectrum generated by a
single-cycle 800 nm driving field of peak intensity 2.5 × 1014 W/cm2 on the left axis. For
these calculations, I use the one-dimensional helium model as described in Chapters 4 and 5
and propagate over a range of 128 fs. The spectrum exhibits a typical plateau structure un-
til the cutoff at 71 eV. Prominent variations in the spectral intensity are observed between
50 and 55 eV, 60 and 65 eV, and near 68 eV. These variations exhibit the characteristic
asymmetric Fano-resonance shape and their energies agree with studies of photoionization
dynamics in the one-dimensional helium atom [82]. The group delay (blue) plotted on the
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Figure 7.7 – The attosecond pulse spectral intensity (red) and group delay (blue) from
the one-dimensional helium atom. Prominent variations in the spectral intensity and group
delay are observed between 50 and 55 eV, 60 and 65 eV, and near 68 eV. A single-cycle 800
nm driving field with a peak intensity of 2.75× 1014 W/cm2 was used.

right is predominantly linear through the spectrum, however significant variations in the
group delay are observed around each Fano resonance. In particular, huge variations are
observed around the resonances near 50 eV. The size of these variations is related to the
length of the temporal window of the simulation and the omission of decay within the TDSE
formalism.

The single-image in situ spectrogram for the one-dimensional helium simulation is shown
in Fig. 7.8 for energies between 50 and 85 eV, in order to focus on the Fano resonances.
The modulation phase for each frequency is shown by the overlaid blue line and is typically
related to the recollision electron group delay. The modulation phase varies smoothly below
the cutoff, after which it is nearly constant. Around each Fano resonance, however, significant
modulations in the measured group delay are observed. The size of the modulations around
each resonances are smaller than those observed in the calculated group delay. This is
because the perturbing field as a probe spans only eight optical cycles and its influence is
proportional to the driving field amplitude. While the evolution of the excited state after
the driving and perturbing pulses contributes to the total calculated dipole emission and
group delay, the evolution of the system is only measured within the range of time scanned
by the perturbing pulse for which the driving field amplitude is appreciable.

7.4 Conclusions

In this chapter, I demonstrated that, while attosecond in situ measurement is predom-
inantly insensitive to the transition moment phase shift from two-centre interference in a
diatomic molecule, the effects of two-centre interference can manifest when the first excited
state is projected out of the time-dependent wavefunction. This was motivated by the results
of [9], which reported that in situ measurement was insensitive to two-centre interference
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Figure 7.8 – The single-image in situ spectrogram from the simulated measurement in
one-dimensional helium. The blue overlaid line shows the phase of the modulation with the
relative phase between the driving and perturbing fields for each spectral component of the
pulse. Although the modulation phase is roughly linear until the cutoff near 71 eV, variations
are observed around each Fano resonance. The driving field is a single-cycle 800 nm pulse
with peak intensity 2.5 × 1014 W/cm2 and the perturbing field has a relative intensity of
10−4.

using simulations of HHG-based in situ measurement while projecting out the first excited
state. The sensitivity observed here was possible due to the use of a measurement technique
designed for the measurement of isolated attosecond pulses, permitting a continuous mea-
surement across the attosecond pulse spectrum. Although the projection of the first excited
state is unphysical, the results confirm that the effect of two-centre interference on the rec-
ollision electron wave packet is small, as discussed in Chapter 6, but not zero. With regards
to possible experiments, however, these results confirm that attosecond in situ measurement
are insensitive to realistic phase shifts due to two-centre interference in physical systems.

Further, using the simplest multielectron model that can be solved exactly using numer-
ical methods, I have shown how multielectron effects influence attosecond pulse generation
and confirmed that in situ measurement is sensitive to these dynamics. The one-dimensional
helium model serves as a prototype for the study of these dynamics in physical systems [8, 83],
which are the subjects of the next two chapters.

Summary: In this chapter, the sensitivity of attosecond in situ measurement to ionic
structure and multielectron interaction were investigated in prototypical one-dimensional
systems. The measurement of transition moment phase shifts due to electronic structure
and multielectron interaction in physically realistic systems is the subject of the next
two chapters.
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Chapter 8

The Cooper Minimum in Argon

Outline: The importance of multi-electron effects in shaping the Cooper minimum is
presented. Then, the in situ measurement of the transition moment phase shift around
the Cooper minimum in argon is demonstrated both theoretically and experimentally.

The theoretical work presented in this chapter is based entirely on my own research.
The experimental data presented was collected by C. Zhang. I developed the program
used for analysis and developed the interpretation of the experimental data. All work
presented here is from one publication of mine [40].

8.1 Origin of the Cooper Minimum in Argon

Cooper minima are ubiquitous in photoionization spectra from atoms and molecules [71].
The dipole transition matrix element coupling continuum states to a ground state wave-
function exhibiting a radial node passes through zero, leading to a spectral minimum and
corresponding phase jump in photoionization spectra. The rapid phase variation across a
Cooper minimum gives rise to significant photoionization time delays which have been mea-
sured using attosecond ex situ methods [84]. As the inverse process of photoionization [24],
photorecombination also exhibits Cooper minima, most notably in high harmonic genera-
tion (HHG) [85, 86]. The spectral phase of attosecond pulses generated by recollision in such
media are significantly shaped by phase shifts around Cooper minima [7].

In order to understand the origin of the Cooper minimum, it is useful to first consider
a single-active electron (SAE) description of the transition moment. I consider an initial
state,

∣∣ψ3pm0

〉
, where the subscript denotes the quantum numbers n, l, and m, respectively,

interacting with an electric field polarized along ẑ. The transition moment coupling the
initial state to a continuum state |Ψk,l〉 along a direction ẑ is given as follows:

dk,l (Ω) = 〈Ψi|r · ẑ|ψk,l〉 . (8.1)
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As in Chapter 5, I describe 〈x|ψ3pm〉 and the continuum state as the product of a radial com-
ponent, Rnl(r), and an angular component described through spherical harmonics, Yl,m(θ, φ),
such that 〈

x
∣∣ψ3pm0

〉
= ψ3pm0

(r, θ, φ) = Rnl(r)Yl,m0(θ, φ). (8.2)

Since the argon ground state is spherically symmetric, I consider a spherically symmet-
ric effective potential, vtot(r), describing the interaction of the 3pm0 electron with the ion.
Accordingly, the continuum wavefunction ψk,l(r) of momentum k and angular momentum l
must satisfy the Schrödinger equation:{

−∆

2
+ vtot(r)−

k2

2

}
ψk,l(r) = 0. (8.3)

The scattering wavefunction found from eq. (8.3) can be expressed as follows:

ψk(r) =
1√
k

∞∑
l=0

l∑
m=−l

ile−i(σl+δl)Rk,l(r)Yl,m(Ωr)Y
∗
l,m(Ωk), (8.4)

where Ωj is the solid-angle in j-space. The phase components, σl and δl, are the Coulomb and
short range scattering phase shifts, respectively. Within this approximation, the transition
moment in eq. (8.1) is the following:

〈
ψ3pm0

∣∣ẑ∣∣ψk

〉
=

1√
k

∞∑
l=0

l∑
m=−l

ilei(σl+δl) 〈R31|r|Rk,l〉 〈Y1,m0|cos θ|Yl,m〉Y ∗l,m(Ωk). (8.5)

Since

cos(θ) =

√
4π

3
Y1,0(θ, φ), (8.6)

the angular component of eq. (8.5) yields contributions solely from l = 0, 2:

〈Yl0,m0 |cos(θ)|Yl,m〉 =

√
(2l0 + 1)(3)(2l + 1)

4π

(
l0 1 l
0 0 0

)(
l0 1 l
m0 0 m

)

=


√

l20−m2
0

(2l0+1)(2l0−1)
l = 0√

(l0+1)2−m2
0

(2l0+3)(2l0+1)
l = 2

.

(8.7)

With this, the transition moment for the 3p0 orbital is

〈ψ3p0 |ẑ|ψk〉 =
1√
3πk

(
ei(σ0+δ0) 〈R31|r|Rk,0〉

2
− ei(δ2+σ2) 〈R31|r|Rk,2〉

)
. (8.8)

The radial integrals in eq. (8.8) can be calculated using the orbital radial wavefunctions
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nlg εDFT (eV) εexp (eV) ∆ε (%)
1s2 −3159.46 −3205.9 1.46
2s2 −311.96 −326.3 4.49
2p6 −247.37 −250.6 (−248.4) 1.30 (42)
3s2 −29.37 −29.3 0.24
3p6 −15.80 −15.7 (−15.9) 0.63 (0.63)

Table 8.1 – The energies for the electron orbitals in argon calculated using density-
functional theory and experiment [87] labelled by the principle and orbital angular mo-
mentum quantum numbers, n and l, with their occupancy number g. The percent difference
between the calculation and experiment are shown on the right. The density-functional
theory calculation is performed using the LB94 exchange-correlation functional.

found from ab initio calculations. In order to describe the argon atom, I use DFT with the
LB94 approximation for the exchange-correlation potential, as described in Chapters 4 and
5. The calculated Kohn-Sham orbital energies are shown in Table 8.1 alongside the experi-
mentally measured electron orbital energies [87]. Despite the omission of relativistic effects,
which are significant in describing deeply bound core electrons, the energies of the valence-
shell Kohn-Sham orbitals agree with experiment, with the difference in the calculated and
experimental orbital energies for the n = 3 shell ranging between 0.20 and 0.63 %.

The 3p0 orbital is depicted in Fig. 8.1. Figures 8.1 (a) and (b) depict a contour and radial
plot of the 3p0 orbital wavefunction, respectively. The 3p0 radial wavefunction exhibits a
node at r = 0.8 a.u. and this imprints a spectral minimum and corresponding π-phase shift
onto the 〈R31|r|Rk2〉 transition moment known as the Cooper minimum. This is depicted
by the red curve in Fig. 8.1 (c), which shows the cross-section |〈R31|r|Rk,2〉| as a function
of continuum state energy. Typically, the nl → ε(l − 1) transition moment, describing the
s-wave channel here, does not exhibit spectral minima [88]. The transition moment cross-
section |〈R31|r|Rk0〉| is depicted in Fig. 8.1 (c) by the blue curve. Although it does not
exhibit a spectral minimum, its behaviour is significant in shaping the transition moment
phase shift across the Cooper minimum [7].

As described with the SFA in Chapter 6 , the spectral minimum in the transition mo-
ment is imprinted onto attosecond pulses generated in argon. The spectral intensity of an
attosecond pulse generated in argon calculated using TD-DFT model described in Chapters
4 and 5 is depicted in Fig. 8.2 on the left axis by the solid red curve. The driving field is a
single-cycle 1.8 µm pulse with a peak intensity of 1× 1014 W/cm2 and absorbing boundaries
[5] are used in order to select only short trajectory contributions to the dipole spectrum.
The spectrum exhibits a sharp spectral minimum centred near 52 eV. The dashed blue curve
depicts the group delay of the spectrum and is predominantly linear throughout the spec-
trum until the cutoff near 105 eV. The group delay, however, exhibits a negative variation
around the Cooper minimum due to the transition moment phase shift. Although Cooper
minima are typically described as single-electron phenomena, multielectron interactions are
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Figure 8.1 – (a) Contour and (b) radial plot of the 3p0 Kohn-Sham orbital wavefunction
calculated using DFT with the LB94 functional [54]. (c) The transition moment cross-
section between the d-wave (red) and s-wave (blue) continuum states and the ground state
as a function of continuum state energy.

significant in shaping the observed shape and phase of the minimum. The importance of
multielectron dynamics in shaping the Cooper minimum is the subject of the next section.

8.1.1 Multielectron Shaping of the Cooper Minimum

Although the single-active electron description of the Cooper minimum in argon is com-
monly used [24], recent work has demonstrated the importance of multi-channel and multi-
electron effects in the shaping of the Cooper minimum [89]. Even SAE potentials derived
from multielectron ab initio calculations (e.g. the Muller potential [90]), for which the ground
state accounts for multielectron effects, predict the Cooper minimum in photorecombination
to be at a lower energy than experimentally observed and shallower in depth [24].

The attosecond pulse spectra generated in argon due to a single-cycle 1.8 µm pulse of
peak intensity 1×1014 W/cm2 including various levels of multielectron interaction are shown
in Fig. 8.3. The level of multielectron interaction is controlled by freezing the multielec-
tron potential (scaled ×1000, red) and through the maximum multipolar expansion order,
LH = 0 (scaled ×100, blue), 1 (scaled ×10, purple), and 2 (green) of the Hartree potential,
as described in Chapter 5.

The spectra including frozen and monopole multielectron interaction (i.e. LH = 0) ex-
hibit a the Cooper minimum which is shallower, wider, and at a lower energy (∼ 41 eV)
than observed in experiment [40] and is similar in shape to the spectrum generated using
single-active electron approximations [90, 24]. The position of the spectral minimum does
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Figure 8.2 – Attosecond pulse spectrum from argon calculated using the TD-DFT model
described in Chapter 5. The driving field is a single-cycle 1.8 µm pulse of peak intensity
1× 1014 W/cm2 and the maximum Hartree potential multipolar expansion level of LH = 2.

not change significantly for these cases.

In contrast, the spectral minimum from the Lh = 1 and 2 simulations are considerably
deeper and narrower compared with the frozen and Lh = 0 simulations. Further, the posi-
tions of the spectral minima in the LH = 1, 2 spectra are at considerably higher energies,
occurring at 51.75 and 52.07 eV, respectively. Thus, it is evident that multielectron effects
are significant in shaping the observed Cooper minimum. This can be further investigated
by considering the dipole emission from each individual orbital.

Although the Kohn-Sham orbitals are eigenstates of an auxilliary non-interacting system
which yields the same electron density as the true system (in principle), insight into the
effects of multielectron interaction on the shape of the Cooper minimum can be estimated
by considering the individual Kohn-Sham orbital dipole emission. This analysis is supported
by the agreement of Kohn-Sham orbital and experimental energies in Table 8.1. Fig. 8.4
depicts the dipole acceleration calculated from the (a) 3s0, (b) 3p0, and (c) 3p±1 Kohn-Sham
orbitals. For each orbital, the intensity spectra calculated for a frozen multielectron potential
(scaled ×1000, red) and for maximum multipolar expansion orders of LH = 0 (scaled ×100,
blue), 1 (scaled ×10, purple), and 2 (green) are shown.

The dipole acceleration spectrum from the 3s2 orbital is weak for the frozen and LH = 0
multielectron interactions due to the low ionization rate when compared with the ionization
rate for of the 3p orbitals. For LH = 1, 2, however, the spectral intensity is significantly
enhanced. For these spectra, the cutoff frequency near 105 eV coincides with the cutoff
observed in the 3p0 and 3p±1 orbital spectra. Thus, this indicates that the enhancement is
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Figure 8.3 – The attosecond pulse spectra generated in argon by a single-cycle 1.8 µm
driving field of peak intensity 1×1014 W cm−2 calculated with various levels of multielectron
interaction. The attosecond pulse spectrum calculated with a frozen ionic potential is shown
in red, while the spectra for a maximum Hartree multipole expansion of LH = 0, 1, 2 and
shown in blue, purple, and green, respectively. Each spectrum is scaled for clarity.

due to an interaction with the recollision electron and not ionization from and recombination
to the 3s2 state.

The emission from the 3p sub-shell also changes significantly with LH . The dipole accel-
eration spectrum from the 3p0 orbital, shown in (b), exhibits a broad and smooth spectral
minimum. The position of the spectral minimum changes with LH , however, occurring near
41 for the frozen and LH = 0 spectra and near 45 eV for the LH = 1, 2 spectra. Further, the
minima in the LH = 1, 2 spectra are narrower and deeper than the minima from the frozen
and LH = 0 spectra.

The spectra from the 3p±1 orbital exhibits the greatest change with LH . For the frozen
and LH = 0 interactions, the spectrum exhibits a pronounced spectral minimum near 45 eV.
The difference between the shapes of the spectral minima from the 3p0 and 3p±1 orbitals at
this level of interaction can be ascribed to the behaviour of the continuum s-wave. For the
3p±1 orbital, the magnetic quantum number m = ±1 is conserved due to the use of a linearly
polarized driving field. Thus, from eq. (8.8), only the d-wave contributes to the dipole emis-
sion from the 3p±1 orbital and the smoothing of the minimum observed in the 3p0 emission
due to the s-wave is absent. For LH = 1, 2, the emission from the 3p±1 is significantly en-
hanced, particularly for energies below 60 eV. This is in agreement with observations in [89],
wherein the omission of inter-channel interactions (i.e. interactions between the recollision
and other electrons) significantly underestimated high harmonic emission between 30 and 50
eV.
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Figure 8.4 – The attosecond pulse spectra from individual orbitals in argon by a single-cycle
1.8 µm driving field of peak intensity 1 × 1014 W cm−2 with various levels of multielectron
interaction. The emission from the (a) 3s2, (b) 3p0, and (c) 3p±1 Kohn-Sham orbitals are
shown. The spectra calculated with a frozen ionic potential are shown in red and the spectra
with maximum multipole expansion order of LH = 0, 1, 2 are shown in blue, purple, and
green, respectively.

While the Cooper minimum is typically thought of as a single electron effect, these re-
sults and those of [89] demonstrate that multielectron interaction is necessary in accurately
describing the spectral characteristics of the minimum. The dependence of the Cooper mini-
mum on the 3p±1 orbital suggests these interactions can be studied during recollision through
the use of in situ measurement which uses a perturbing field polarized perpendicularly to
the driving field [26]. This was not done here due to the restriction of the TD-DFT model
to linearly polarized fields. In order to demonstrate the efficacy of this approach, however,
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it is first necessary to demonstrate the sensitivity of in situ measurement to the transition
moment phase around the Cooper minimum. This is the subject of the next section.

8.2 In Situ Measurement of the Photorecombination

Time Delay Around the Cooper Minimum

The group delay variation around the Cooper minimum during recombination has been
measured using attosecond ex situ measurement [7]. Here, the entirely optical measurement
of the group delay variation around the Cooper minimum is demonstrated using ab initio
simulated and experimental measurements.

Two variations of in situ measurement are used. For the simulated and experimental
measurements, the collinear and non-collinear ω−2ω in situ methods are used, respectively.
This is done for two reasons. First, the non-collinear measurement requires the calculation
of the dipole moment across the driving field beam front and a time-delay scan, whereas
the collinear measurement only requires a time-delay scan. Thus, simulating the collinear
measurement is much faster than simulating the non-collinear measurement. Second, demon-
strating the sensitivity of two variations of in situ measurement to the transition moment
phase confirms the generality of the all-optical approach.

8.2.1 Simulated In Situ Measurement in Argon

A collinear ω − 2ω measurement (described in Chapter 3) is simulated using an 800 nm
driving pulse with a peak intensity of 2.75× 1014 W/cm2, corresponding to a semi-classical
cutoff near 70 eV. The pulse is a flat-top pulse with a single-cycle ramp and pulse duration
of 20 fs. The relative intensity of the second harmonic to the fundamental field is 10−4. An
absorbing boundary turned on at the radius rabc = 0.8×E0/ω

2
0 was used in order to ensure

the calculated high harmonic spectra included only short-trajectory contributions.

The spectrogram from the simulated in situ measurement is shown in Fig. 8.5. The con-
tour plot shows the normalized even harmonic spectrum plotted with respect to the relative
phase between the driving and perturbing pulses. The overlaid red line shows the maximiz-
ing relative phase for each even harmonic. The mapping of the relative phase to the high
harmonic emission time is shown on the right axis. The result deviates from the expectedly
linear chirp near the ionization threshold (i.e. below ∼ 25 eV) and around the Cooper min-
imum, where a prominent decrease in emission time is observed. The behaviour near the
ionization threshold can be attributed to Coulomb time delays [88] and the deviation near
the cutoff can be attributed to the coalescence of long and short trajectories near the cutoff
[91].

The overlaid solid blue line shows the expected result for recollision from a simple atom
with a flat recombination phase calculated using the SFA [2] (shifted by π/2 for clarity). The
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Figure 8.5 – The normalized even-harmonic spectrogram from the TD-DFT simulation of
an ω − 2ω in situ measurement in argon. The overlaid red line shows the relative phase
which maximizes each even harmonic signal from the simulation. The blue overlaid solid
(dashed) line shows the expected result for the maximizing relative phase from the semi-
classical model without (with) the recombination phase around the Cooper minimum. The
blue lines are shifted by π/2 for clarity.

linearity indicates that the variation observed in the TD-DFT result around the Cooper min-
imum is attributable to recombination effects. This is verified this by including a Lorentzian
π-phase jump around K2

0/2 = 36 eV with a bandwidth of σ = 10 eV in the recombina-
tion moment and SFA analysis as an approximation to the phase jump around the Cooper
minimum:

Φ(k) = tan−1

(
k2 −K2

0

σ2

)
. (8.9)

The result of a simulated measurement calculated using the SFA which includes this transi-
tion moment phase is shown by the dashed blue line and agrees with the TD-DFT results.

The photorecombination delay is isolated by subtracting the expected semi-classical re-
sult from the measured result. This is depicted in Fig. 8.6 in red and compared with the
photorecombination delay in blue [88]. Both the reconstructed photorecombination time
delay from the simulated measurement and photoionization delay exhibit delays of ∼ −150
as and have similar shapes around the Cooper minimum.

Thus, these ab initio results confirm the results of Chapter 6 and demonstrate that at-
tosecond in situ measurement is sensitive to transition moment phase shifts due to electronic
structure. This is confirmed experimentally in the next section using the non-collinear ω−2ω
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Figure 8.6 – A comparison of the photorecombination time delay reconstructed from the
simulated spectrogram in Fig. 8.8 and calculated photorecombination time delay from argon
around the Cooper minimum.

in situ measurement described in Chapter 3.

8.2.2 Experimental In Situ Measurement of the Cooper Minimum
in Argon

For the experimental measurement of the recollision group delay in argon, the non-
collinear in situ method is used. This method is ideally suitable for characterizing isolated
attosecond pulses [39], as described in Chapter 3. For the sake of completeness, the exper-
imental diagram is shown again in Fig. 8.7. As shown in (a), a 12 fs, polarization gated
driving pulse of wavelength 1.8 µm (red) is focused into an argon gas jet. The pulse reaches
an estimated peak intensity of 1× 1014 W/cm2 within the jet. Recollision is perturbed with
a second-harmonic of the driving pulse (blue) with a relative intensity of 10−4 incident at
an angle of 30 mrad with respect to the driving field, delayed by a time τ , as depicted by
the blue pulse. In the gas jet (shown in b), the perturbing field modulates the recollision
trajectories (red to blue), resulting in a frequency-dependent modulation of the near-field
attosecond pulse wavefronts (red to blue). These modulations deflect the far-field attosecond
pulse by a delay- and energy-dependent angle θΩ(τ). Fig. 8.7 (c) shows the measured angular
deflection of the energies 60 (bottom) and 80 eV (top) as a function of time delay. The dif-
ference in the modulation phase is proportional to the difference in the group delay for these
two energies. Such an analysis is repeated for each spectral component of the measured pulse.

We determine the group delay of the recollision electron using the relative delay of each
spectral component with respect to that of a fixed energy. The unperturbed attosecond pulse
spectrum is shown in Fig. 8.8 (a) in red, where the Cooper minimum is observed near 55 eV.
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Figure 8.7 – (a) The polarization-gated driving pulse (red) and perturbing pulse delayed
by time τ (blue) are focused into an argon gas jet. The perturbing pulse has a relative
peak intensity of 10−4 and incident angle of θp = 30 mrad with respect to the driving field.
(b) The perturbation induces a delay dependent modulation of the electron trajectories and
XUV wavefronts (red to blue) across the driving field beam front. This results in a deflection
of the XUV beam in the far-field by a delay-dependent angle θΩ(τ) which is recorded in the
XUV spectrometer. (c) The deflection of the XUV emission is recorded over a range of
delays (in units of the perturbing field period Tp) and spectrally resolved. The resultant
spectrograms for XUV energies of 60 (top) and 80 (bottom) are shown. The phase difference
in the deflection modulation phase is proportional to the difference in group delay, ∆τΩ

between the two energies.

The attosecond pulse spectrum from a TD-DFT simulation of the experimental conditions
is shown by the dashed line (scaled ×10 for clarity). The position of the Cooper minimum
in the TD-DFT simulation is lower than the experimental result, but the position of the
Cooper minimum in HHG is known to be sensitive to phase-matching conditions [92].

The measured group delay is shown in Fig. 8.8 (b), where the experimental data is shown
as a solid red line and the simulated result is shown by a dashed line. Both the experimental
and theoretical group delay curves are predominantly linear up until the cutoff energy near
90 eV. Both, however, exhibit a variation in the group delay near the Cooper minimum and
the experimental and theoretical results agree. The difference between the experimentally
measured result and the expected semi-classical group delay in the absence of recombination
effects is the photorecombination time delay. This is shown in Fig. 8.8 (c) in red with a
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Figure 8.8 – (a) Full measured intensity spectrum, (b) integrated intensity spectra from
experiment (solid red) and TD-DFT simulation of experimental conditions (dashed blue),
(c) group delay from measurement (solid red) and TD-DFT simulation (dashed blue), (d)
raw (red) and smoothed (purple) difference between measured group delay and group delay
from hydrogenic atom.

smoothed curve in magenta. The maximum delay difference around the Cooper minimum
near 54 eV is 160 as. The measured result agrees with the simulated collinear in situ mea-
surement and studies of photorecombination time delays in argon [7].
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8.3 Conclusions

In conclusion, the findings of Chapter 6 demonstrated the importance of transition mo-
ment phase shifts arising from electronic structure on recollision trajectories using the SFA.
This was confirmed by the in situ measurements of the transition moment phase variation
around the Cooper minimum in argon presented in this chapter. Both ab initio simulated
and experimental measurements were presented using two different variations of in situ mea-
surement, demonstrating the generality of the sensitivity of in situ measurement to transition
moment phase shifts. As predicted in Chapter 6, this confirmation of the sensitivity of in
situ measurement to phase shifts due to electronic structure demonstrate how the transition
moment affects recollision trajectories and dynamics. This sensitivity calls methods which
decouple propagation and recombination dynamics, such as quantitative rescattering the-
ory [24], into question. In particular, in situ measurement is predicted to be sensitive to
the transition moment phase shift only if said phase shift is fully accounted for within the
saddle-point and, thus, the semi-classical trajectory analysis of recollision and the electron
wave packet.

Further, the observed importance of the 3p±1 orbitals in the shaping of the Cooper mini-
mum suggests a route to the exploration of electron correlation around the Cooper minimum
using in situ techniques which employ orthogonally polarized perturbing and driving fields
[26] and higher-order spectroscopies [93] to manipulate the polarization of the ion.

Summary: In this chapter, I demonstrated the importance of multielectron effects
in shaping the Cooper minimum in argon and confirmed the sensitivity of attosecond
in situ measurement to phase shifts due to electronic structure both theoretically and
experimentally. The measurement of multielectron dynamics and electronic structure in
xenon is the subject of the next chapter.
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Chapter 9

The Giant Dipole Resonance in Xenon

Context: This chapter presents a study of recollision in xenon. Xenon exhibits transi-
tion moment phase shifts due to both electronic structure and multielectron interaction
[88]. I first describe how these effects manifest during recollision in xenon and discuss
the recollision-induced excitation of the giant dipole resonance [8]. I then present re-
sults from time-dependent density functional theory simulations of recollision in xenon
which depict how the spectral characteristics of attosecond pulse emission are affected
by electronic structure and multi-electron interaction. I then discuss the all-optical mea-
surement of the correlated recollision dynamics responsible for the excitation of the giant
dipole resonance using an extension of the strong field approximation which accounts
for electron correlation [94].

The contents of this chapter are based entirely on my own research and are currently
being tested experimentally. A publication detailing these findings is in preparation [95].

The final system studied in this thesis is the xenon atom. In previous chapters, the sen-
sitivity of attosecond in situ measurement to transition moment phase shifts arising from
electronic structure and multielectron interaction was demonstrated in distinct systems. The
xenon atom exhibits both these features. The transition moment phase shift due to electronic
structure arises due to the structure of the 5p orbital, the orbital most active in xenon during
recollision. The 5p orbital radial wavefunction has three nodes and this leads to a Cooper
minimum in the transition moment [88] similarly to the transition moment of the 3p orbital
in argon. Recollision-induced multielectron interaction arises in xenon due to the Coulomb
interaction between the recollision electron as it approaches its parent ion and the inner 4d
sub-shell electrons. This interaction results in the excitation of a plasmonic oscillation within
the inner n = 4 shell and is known as the giant dipole resonance (GDR). GDR in electronic
systems are characteristic of many-body systems and ubiquitous in nature, extending from
isolated atoms and molecules to solid-state systems [96]. Since recollision appears to be a
universal response of matter to strong fields [1, 12, 11], the study of the GDR in xenon us-
ing all-optical recollision-based measurement serves as an exemplary measurement for future
studies of multielectron interaction in a wide array of systems.
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nlg εDFT (eV) εexp (eV) ∆ε (%)
1s2 −33065.57 −34561 4.42
2s2 −5032.28 −5453 8.02
2p6 −4741.13 −5107 (−4786) 7.44 (0.94)
3s2 −1039.77 −1148.7 9.96
3p6 −915.15 −1002.1 (−940.6) 9.08 (2.74)
3d10 −682.70 −689.0 (−676.4) 0.92 (0.92)
4s2 −189.18 −213.2 11.94
4p6 −145.25 −146.7 (−145.5) 1.00 (0.18)
4d10 −69.98 −69.5 (−67.5) 0.68 (3.60)
5s2 −22.65 −23.3 2.83
5p6 −12.49 −13.4 (−12.1) 7.02 (3.17)

Table 9.1 – The energies for the electron orbitals in xenon calculated using density-
functional theory and experiment [87] labelled by the principle and orbital angular mo-
mentum quantum numbers, n and l, with their occupancy number g. The percent difference
between the calculated and experimental are shown on the right. The density-functional
theory calculation is performed using the LB94 exchange-correlation functional [54].

Measurements of the transition moment phase shift around the GDR in xenon have been
accomplished using ex situ measurement-based studies of photoionization time delays [97].
Above the 4d ionization threshold (∼ 70 eV), these measurements demonstrated the impor-
tance of two resonances: the GDR and a narrow relativistic spin-flip transition at 75 eV.
Here, this spin-flip transition is not describable with the TD-DFT model due to the omission
of relativistic effects. The excitation of the GDR, however, is well-described by the TD-DFT
model.

This chapter begins with §9.1, which qualitatively describing the effects the Cooper min-
imum in the 5p0 → εd channel and recollision-induced ionic excitation have on attosecond
pulse generation in xenon. These effects are then demonstrated in §9.2 with ab initio sim-
ulations using the TD-DFT model described in Chapters 4 and 5. In §9.3 and §9.4, the
sensitivity of in situ measurement to these dynamics is then described using an extension
of the SFA which includes electron correlation to first-order [94]. Finally, the results of a
single-image in situ measurement in xenon atom calculated with the TD-DFT model are
presented in §9.4.1 and they demonstrate the sensitivity of all-optical techniques to both
multielectron interaction and electronic structure.
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Figure 9.1 – (a) The 5p orbital radial wavefunction in xenon calculated using DFT. (b)
The transition moment cross-section between the s- (blue) and d-wave (red) continua as a
function of emitted photon energy.

9.1 Electronic Structure of Xenon

I first describe how the Cooper minimum and GDR in xenon occur during recollision qual-
itatively. In order to understand the transition moment phase in xenon, it is first necessary
to describe the xenon ground state and how it is calculated. The ground state is calculated
using the DFT model presented in Chapter 5 using the LB94 exchange-correlation func-
tional [54]. The electron configuration, 1s22s22p62p63s23p63d104s24p64d105s25p6, is defined
a priori within the numerical program and the one-dimensional radial non-relativistic time-
independent Kohn-Sham equation for the ground state. Table 9.1 lists the energies calculated
using this model for each Kohn-Sham orbital alongside the experimentally measured energies
and their percent difference. Due to the omission of relativistic effects, the calculated ener-
gies of the deeply bound core electrons exhibit large differences from the experimental values
(with a maximum percent difference of 11.94%). The energies of the outer-lying electrons
are in better agreement with the experimental measurements.

The orbital which dominates recollision dynamics in xenon is the 5p0 orbital. Like in
argon, the radial wavefunction of the 5p orbital exhibits three radial nodes which lead to
a Cooper minimum near 55 eV in its photoionization spectrum. This is shown in Fig.
9.1, where (a) shows the 5p orbital radial wavefunction and (b) shows the recombination
cross-section coupling the 5p orbital wavefunction and the s- (blue) and d-wave (red) con-
tinuum states as a function of photon energy. A sharp minimum is observed in the d-wave
cross-section, corresponding to a Cooper minimum. Around this minimum, a maximum
photoionization time delay of 50 as has been predicted using TD-DFT models [88]. Both
the origin of the Cooper minimum and its effect on recollision dynamics are similar to that
in the argon atom and the reader is referred to the discussion of Cooper minima presented
in Chapter 8 for the sake of brevity.
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The GDR in xenon was first discovered through photoionization studies [98], where it
was observed that xenon exhibits a broad shape resonance [99] with a giant cross-section
within the 4d sub-shell extending from 70 to 150 eV. Although attempts at using single ac-
tive electron approximations to explain the GDR were made [100], it has been conclusively
demonstrated multielectron interaction is necessary for accurately describing the width and
strength of this resonance [8, 101]. The GDR can be described as a plasmonic resonance,
involving a collective oscillation of the n = 4 shell.

As discussed above, however, the 5p0 orbital dominates recollision dynamics in xenon.
Since tunnel ionization is exponentially sensitive to the binding energy of an electron [102],
the inner-shell 4d electrons (Ip ≈ 70 eV) are expected to play a negligible role in recollision
compared to 5p electrons (Ip ≈ 12.8 eV). Thus, single-active electron approximations to
recollision do not predict the GDR to be observable in recollision processes. Shiner et al.,
however, observed this resonance within HHG and developed an inelastic scattering model
beyond single-active electron approaches based on the SFA in order describe their obser-
vations [8]. They argued that a correlated recollision channel exists in xenon wherein the
recollision electron interacts with a bound electron before recombination and excites the ion.
This model was extended to include energy and momentum transfer from the recollision
electron to the ion [94]. This interpretation has been validated theoretically with ab initio
models using the time-dependent configuration interaction singles framework [101].

The inelastic scattering recollision model in xenon is depicted in Fig. 9.2. In xenon, there
are two pathways for a recollision electron to recombine into its ground state. The direct
channel (i.e. the conventional three-step model of recollision) is shown in (a): an electron
(1) ionizes from the 5p0 orbital; (2) is accelerated by the field in the continuum (trajectory
depicted as the red arrow); and (3) recombines with the parent ion into the hole (yellow)
from which it left. The correlated channel is depicted in (b): (1) the electron ionizes from
a 5p orbital; (2) is accelerated by the field; (3) interacts with a bound 4d electron through
the Coulomb interaction (green field) as it approaches the ion, transferring momentum and
energy to the ion, exciting the inner 4d electron to the 5p hole; and (4) recombines into the
now vacant 4d hole. The promotion of the 4d electron to the 5p hole modifies the multielec-
tron potential, inducing a collective oscillation (i.e. the GDR) within the 4d sub-shell.

In the next section, I present results from TD-DFT simulations of recollision in xenon
which demonstrate the importance of both electronic structure and the recollision-induced
excitation of the GDR in attosecond pulse generation in xenon.

9.2 Time-Dependent Density Functional Theory Sim-

ulations of Recollision in Xenon

I model recollision in xenon using the TD-DFT model presented in Chapters 4 and 5.
Fig. 9.3 depicts the calculated attosecond pulse spectral intensity (red, left axis) and group
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Figure 9.2 – In xenon, there are two recollision channels: (a) the direct recollision channel
and (b) the correlated channel. In both channels, (1) an electron enters the continuum from
the 5p sub-shell and (2) propagates in the continuum under the influence of the laser field.
In the direct channel, (3) the recollision electron then recombines directly into the 5p hole
(yellow). In the correlated channel, the recollision electron (3) interacts with a bound 4d
sub-shell electron through the Coulomb interaction (depicted in green), promoting the 4d
electron into the 5p hole, and then (4) recombines into the newly vacant 4d hole. This
excitation of the 4d electron induces a collective oscillation within the n = 4 shell.

delay (blue, right axis) generated by a single-cycle 1.8 µm driving field with a peak intensity
of 1.3 × 1014 W/cm2 in xenon. For this simulation, only the n = 4 and n = 5 shells are
propagated in time (i.e. orbitals with n ≤ 3 are frozen in time). Absorbing boundaries [5]
beginning at Rabc = 1.125 × F0/ω

2
0 are used in order to ensure the observed dipole emis-

sion includes predominantly short trajectory contributions. The spectral intensity exhibits a
minimum near 55 eV, corresponding to the Cooper minimum described above. Around this
minimum, a small deviation within the group delay of 50 as from the expected linear slope
of the atto-chirp is observed.

Between 70 and 130 eV, the spectral intensity is significantly enhanced due to the GDR.
Near the cutoff, modulations in both the spectral intensity and measured group delay due
to the interference between long and short trajectories leading are observed. Between 70
and 85 eV, narrow and structured modulations within the spectral intensity and group delay
are observed. These modulations arise from the phase of the matrix element describing the
Coulomb interaction between the recollision electron and the ion and depend on the momen-
tum transferred to the ion [94]. This will be discussed in the next section.
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Figure 9.3 – The attosecond pulse spectral intensity (red, left axis) and group delay (blue,
right axis) calculated from xenon using a single-cycle 1.8 µm driving field with a peak inten-
sity of 1.3× 1014 W/cm2.

As in Chapter 8, I now consider the dipole emission from each Kohn-Sham orbital. The
spectral intensity (red, left axis) and group delay (blue, right axis) of the absolute value
of the dipole spectra from each distinct Kohn-Sham orbital within the n = 4 and 5 shells
are depicted in Fig. 9.4. The group delay for all orbitals exhibits a predominantly linear
variation with energy, implying recollision is the predominant mechanism in generating the
dipole emission. Each spectrum exhibits several resonances which are not reflected in the
total spectrum in Fig. 9.3. These resonances correspond to virtual transitions between the
set of Kohn-Sham orbitals. For each transition from orbital a to orbital b, there is an equal
transition with the opposite sign from orbital b to orbital a. Thus, these virtual transitions
are not present within the total observed dipole moment.

The dipole emission from the n = 5 shell orbitals resembles the dipole emission predicted
by the conventional three-step model and SFA. In particular, the dipole emission from the
5p0 orbital exhibits a flat plateau structure until the cutoff near 140 eV. The group delay
increases linearly, except for a variation near 55 eV, corresponding to a virtual transition
between the 5p0 and 4d states. The dipole spectra from the n = 5 shell is depicted in Fig. 9.5
(b) by the solid red line. The solid orange and dashed blue lines depict the dipole emission
from the 5s and 5p sub-shells, respectively. As expected, the dipole emission is dominated
by the 5p sub-shell.

The dipole emission from the n = 4 shell, however, contains significant contributions
from all orbitals within the shell. From Fig. 9.4, the dipole emission from the 4p sub-shell
is comparable to the emission from the 4d sub-shell. Further, the contribution from the 4s
orbital, although weaker, is much stronger than the emission from the 5s orbital. This is
accentuated in Fig. 9.5, where the total emission from the n = 4 shell (red) and the 4s
(orange), 4p (green), and 4d (blue) sub-shells are depicted. Unlike the n = 5 shell, where
the 5p sub-shell dominates the dipole emission, the dipole emission from the 4d and 4p sub-
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Figure 9.4 – The attosecond pulse spectral intensity (red, left axis) and group delay (blue,
right axis) from individual Kohn-Sham orbitals in xenon calculated using a single-cycle 1.8
µm driving field with a peak intensity of 1.3× 1014 W/cm2.

shells significantly contributes to the total dipole emission, with the 4d emission being only
∼ 2× the 4p emission. Further, between the energies of 59 and 75 eV, the dipole emission is
dominated by the 4p emission.

These results demonstrate the importance of multielectron dynamics throughout the en-
tire inner n = 4 shell in shaping attosecond pulse spectra generated in xenon. The dynamics
induced by the promotion of the 4d electron to the 5p0 hole by the recollision electron re-
sult in a dynamic modification of the multielectron interaction potential, coupling the entire
n = 4 shell. This model will be used to investigate the all-optical measurement of these
correlated dynamics. First, however, the extension of the SFA including correlation [94] will
be discussed in order to interpret the aforementioned measurement.

104



0 50 100 150
Energy (eV)

10 5

10 3

10 1

101
In

te
ns

ity
 (a

rb
.)

a
All n = 4
4s

4p
4d

0 50 100 150
Energy (eV)

10 5

10 3

10 1

101

In
te

ns
ity

 (a
rb

.)

b
All n = 5
5s

5p

Figure 9.5 – The attosecond pulse spectral intensity from the (a) n = 4 and (b) n = 5 shells
in xenon. The individual orbital contributions are shown alongside the total shell emission.
a single-cycle 1.8 µm driving field with a peak intensity of 1.3× 1014 W/cm2.

9.3 The Correlated Strong Field Approximation

I now describe the excitation of the GDR during recollision using an extension of the
SFA which includes the Coulomb interaction between the recollision electron and the ion as
an intermediary step before recombination [94]. I refer to this model as the correlated strong
field approximation (C-SFA). The dipole spectrum from the C-SFA at frequency Ω, D̃(Ω),
is calculated within the eikonal-Volkov approximation and is given as follows:

D̃c(Ω) =

∫
dk

∫
dq

∫ ∞
−∞

dtr

∫ tr

−∞
dtee

∫ tee

−∞
dtbd

∗
c(P(tr))aee(P(tee),q)

× E(tb) · d0(P(tb)− q)e−i[Ip,c(tr−tee)+Ip,d(tee−tb)+S(k−q,tb,tee)+S(k,tee,tr)−Ωtr],

(9.1)

d0(k) = 〈k| 〈Ψd|r̂|ψ0〉 , (9.2)

aee(k,q) = 〈k| 〈Ψc|v̂ee|Ψd〉 |k− q〉 , (9.3)

dc(k) = 〈k| 〈Ψc|r̂|ψ0〉 . (9.4)

Here, P(t) = k + A(t) −A(tr) is the kinetic momentum of the recollision electron at time
t, k is the momentum the electron recombines with, q is the momentum transferred to the
ion during the multi-electron interaction, tr is the time of recombination, tee is the time of
multi-electron interaction, tb is the time of ionization, v̂ee describes the multi-electron inter-
action, |Ψd〉 |k− q〉 describes the state of the ion and recollision electron after ionization (i.e.
before the ion excitation), |Ψc〉 |k〉 describes the state of the ion and recollision electron after
the multi-electron interaction, Ip,d is the ionization potential of the direct channel, and Ip,c
is the ionization potential of correlated state. The semi-classical action is calculated using
eq. (2.18).
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As in the conventional SFA, this integral can be solved using the saddle-point approxi-
mation. In order to properly account for the multielectron interaction, however, the phase
of aee(P(tee),q) must be included in the integrand phase. In doing so, the following set of
saddle-point equations for k, q, tb, tee, and tr is found:

0 =
[P(tb)− q]2

2
+ Ip,d, (9.5)

0 =
[P(tb)− q]2

2
− P2(tb)

2
+ Ip,d − Ip,c, (9.6)

0 =
[P(tb)]

2

2
+ Ip,c − Ω, (9.7)

0 =

∫ tee

tb

[P(τ)− q] dτ + Φ′c(q), (9.8)

0 =

∫ tr

tb

[P(τ)] dτ − q(tee − tb), (9.9)

where

Φc(q) = arg [aee(P(tee),q)] (9.10)

is assumed to depend solely on the momentum transferred to the ion from the recollision
electron [94]. The meaning of each of these equations can be mapped to recollision dynamics
as in the conventional three-step model. Eqs. (9.5 - 9.7) describe energy conservation during
the tunnelling, multielectron interaction, and recombination steps, respectively. Eqs. (9.8)
and (9.9) describe the displacement conditions for the multielectron interaction and recom-
bination steps, respectively.

If Φc(q) is a constant (i.e. Φ′c(q) = 0), then the phase of the emitted attosecond pulse
is equal to that of the direct recollision channel. In this case, the times of multi-electron
interaction and recombination are both equal to the recombination time in the direct channel
and the electron must return to the ion for both recombination and the multielectron inter-
action. The dynamics of the correlated channel are indistinguishable from those of the direct
channel in this case. The dynamics within the correlated channel and emitted attosecond
pulse will differ if the phase of the multi-electron interaction varies with q [94].

From here, vector notation is omitted, as all components are assumed to be parallel to
ẑ. For the case where Φ′(q) 6= 0, the saddle-point equations are expanded as a series with
respect to Φ′c(q) about the system with Φ′c(q) = 0. I label the solutions to eqs. (9.5 -
9.9) when Φ′c(q) = 0 as k, q, tb, tee, and tr and refer to them as the zeroth-order solutions.
Note that, k − q is equal to the recombination momentum from the direct channel. The
saddle-point solutions are expanded to first-order in Φ′c(q) about the zeroth-order solutions
such that, for the saddle-point variable µ,
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Figure 9.6 – (a) The momentum of recombination k (red) and transferred momentum q
(blue) within the correlated recollision channel in xenon. The transferred momentum for the
case where Φ′c(q) = 0 is shown by the dashed green line. (b) The times of recombination

t
(d)
r in the direct channel (green) and the times of multielectron interaction t

(c)
ee (red) and

recombination t
(c)
r (blue) in the correlated channel in xenon found using eqs. (9.5-9.14). A

sinusoidal 1.8 µm driving field with a peak intensity of 1.3 × 1014 W/cm2, a direct-channel
ionization potential of 12.8 eV, and a correlated state binding potential of 70 eV were used
for this calculation.

µ(1) = µ+ ∆µ. (9.11)

This results in the following set of corrections to the zeroth-order saddle-point solutions:

∆q =
q

(k − q)k
F (tr)Φ

′(q), (9.12)

∆tee =
1

k − q
Φ′(q), (9.13)

∆tr =
q

(k − q)k
Φ′(q), (9.14)

and ∆k = ∆tb = 0.

Fig. 9.6 depicts the saddle-point solutions from the C-SFA calculated using a sinusoidal
1.8 µm driving field with a peak intensity of 1.3× 1014 W/cm2, the multielectron interaction
matrix element phase from [94], and direct and correlated channel binding energies of 12.8
and 70 eV, respectively. Only short-trajectory solutions are shown. Fig. 9.6 (a) depicts the
momentum of recombination (red) and transferred momentum (blue), with the transferred
momentum from the C-SFA with Φ′c(q) = 0 (dashed green) as a reference. Due to the phase
of the multielectron interaction matrix element, several modulations within the transferred
momentum are observed around 80 eV. These modulations are reflected in the times of mul-
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tielectron interaction (red) and recombination (blue) from the correlated channel depicted in
Fig. 9.6 (b). When Φ′c(q) = 0, both the time of multielectron interaction and recombination
are equal to the recombination time from the corresponding direct channel, shown in green.

The saddle-point solutions all reflect the shape of the phase of aee(q), implying that the
recollision electron wave packet is affected by the multielectron interaction. This modification
of the wave packet from that of the conventional SFA is supported by ab initio simulations
of HHG in xenon [101]. The sensitivity of the saddle-point solutions to the multielectron
interaction phase implies that attosecond in situ measurement is sensitive to these dynamics.
This will be demonstrated below.

9.4 In Situ Measurement in Xenon

I consider a single-image in situ measurement in xenon, as described in Chapter 3. it is
necessary to incorporate the momentum transfer dynamics into the phase shift induced by
a perturbing infrared field. From the integrand phase in eq. 9.1, the perturbation-induced
phase shift in the correlated channel is given as follows:

σ(k, q, tb, tee, tr, φ) =

∫ tee

tb

[P (τ)− q] · Ap(τ, φ)dτ +

∫ tr

tee

P (τ) · Ap(τ, φ)dτ. (9.15)

where A(t) and Ap(t, φ) are the driving and perturbing field vector potentials at time t.
The relative phase between the driving and perturbing fields is φ = k0y sin(θ), where y is
the vertical position in the near-field, k0 is the perturbing field wave-vector, and θ is the
angle between the driving and perturbing fields. The difference between eq. (9.15) and the
perturbation-induced phase shift in a simple atom without a correlated channel can be made
clear by substituting the saddle-point variables with their zeroth-order solutions and their
first-order corrections:

σ(k, q, tb, tee, tr, φ) ≈
∫ tee+∆tee

tb

[
P (τ)− q −∆q

]
· Ap(τ, φ)dτ +

∫ tr+∆tr

tee+∆tee

P (τ) · Ap(τ, φ)dτ

=

∫ tr

tb

[
P (τ)− q

]
· Ap(τ, φ)dτ +

∫ tr+∆tr

tr

P (τ) · Ap(τ, φ)dτ

−
∫ tr+∆tee

tr

q · Ap(τ, φ)dτ −
∫ tee+∆tee

tb

∆q · Ap(τ, φ)dτ.

(9.16)

Since P (t) − q is equal to the kinetic momentum of the recollision electron in the direct
channel at time t, the first integral in eq. (9.16) is equal to the perturbation-induced phase
shift from the modified action in the direct channel given by eq. (3.13) :
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σ0(k − q, tb, tr, φ) =

∫ tr

tb

[
P (τ)− q

]
· Ap(τ, φ)dτ (9.17)

With this,

σ(k, q, tb, tee, tr, φ) ≈ σ0(k − q, tb, tr, φ) +

∫ tr+∆tr

tr

P (τ) · Ap(τ, φ)dτ

−
∫ tr+∆tee

tr

q · Ap(τ, φ)dτ −
∫ tee+∆tee

tb

∆q · Ap(τ, φ)dτ.

(9.18)

Expanding eq. (9.18) to first-order with respect to the saddle-point corrections in eqs. (9.12
- 9.14) yields the following (note that tee = tr):

σ(k, q, tb, tee, tr, φ) ≈ σ0(k − q, tb, tr, φ) + ∆trk −∆teeq · Ap(tr, φ)−
∫ tr

tb

∆q · Ap(τ, φ)dτ

= σ0(k − q, tb, tr, φ) +

(
q

(k − q)k
Φ′c(q)

)
k −

(
1

k − q
Φ′c(q)

)
q

−
∫ tr

tb

∆q · Ap(τ, φ)dτ

= σ0(k − q, tb, tr, φ)−
∫ tr

tb

∆q · Ap(τ, φ)dτ

= σ0

(
k − q −∆q, tb, trφ

)
+O

(
Φ′2c (q)

)
.

(9.19)

Thus, the first-order correction to the perturbation-induced phase shift, ∆σ(∆σ, tb, tr, φ), is
proportional to the change in transferred momentum caused by the phase of the multielectron
interaction:

∆σ(1)(∆q, tb, tr, φ) = −
∫ tr

tb

∆q · Ap(τ, φ)dτ. (9.20)

In the subsequent discussion, I focus on this first-order correction to the perturbation-induced
phase shift, although higher-order corrections due to the modified saddle-point solutions can
be made. For the sake of completeness, the second-order correction is given as follows:

∆σ(2)(k, q, tr) =

(
−
qA′p(tr, φ)

2k
2 − 2kq

+
qAp(tr, φ)F (tr)

k(k − q)2

)
Φ′2c (q) . (9.21)

From this, it is evident that an in situ measurement of the correlated channel will yield a
measurement of the change in the transferred momentum due to the multielectron inter-
action matrix element phase. This is depicted in Fig. 9.7, where the maximizing relative
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Figure 9.7 – The relative phase between the perturbing and driving fields in a single-image
in situ measurement which maximizes the intensity of each frequency component of the
direct (dashed blue) and correlated (solid red) channels. A sinusoidal 1.8 µm driving field
of peak intensity 1.3 × 1014 W/cm2 was used and the same-colour perturbing field has an
intensity of 10−4 relative to the driving field.

phase of the direct (dashed blue) and correlated (solid red) channels is shown as a function
of energy. The momentum transfer exhibited in Fig. 9.6 (a) is clearly reflected in the mea-
surement. From eq. 9.12, this change in the transferred momentum can be mapped to the
matrix element phase up to a constant.

9.4.1 Simulated In Situ Measurement in Xenon

I confirm this by simulating a single-image in situ measurement in xenon using the TD-
DFT model. Fig. 9.8 (a) shows the simulated single-image in situ measurement spectrogram
which shows the variation of the attosecond pulse spectrum with the effective time delay be-
tween the driving and perturbing fields. For these simulations, a single-cycle 1.8 µm driving
field with a peak intensity of 1.3× 1014 W/cm2 was used and the same-frequency perturbing
field had an intensity of 10−4 relative to that of the driving field. The total effective delay
scanned spans eight optical cycles. A uniform intensity profile was assumed for both the
driving and perturbing fields.

The phase of each spectral component’s modulation with the effective time delay is shown
in Figs. 9.8 (b), which shows the measurement results from the xenon TD-DFT simulation
(solid red), a TDSE solution of a hydrogenic atom with its nuclear charge scaled such that
Ip = 12.8 eV (dashed blue), and the C-SFA (solid green). Absorbing boundaries [5] were
used for the hydrogenic and TD-DFT simulations, beginning at Rabc = 0.8 × E0/ω

2
0 and

1.125 × E0/ω
2
0, respectively. A larger boundary was used for the TD-DFT simulation in

order to observe a stronger enhancement due to the GDR.
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Figure 9.8 – (a) The single-image in situ spectrogram from xenon depicting the variation of
the attosecond pulse spectral intensity with the effective time delay between the driving and
perturbing fields. (b) The group delay measured from the single-image in situ measurement.
The measurement result from the time-dependent density functional theory simulation in
(a) is shown in red, the result from an equivalent hydrogenic atom is shown in dashed blue,
and the result from a simulated measurement calculated with the correlated strong field
approximation is shown in green. The driving field is a single-cycle 1.8 µm pulse with a peak
intensity of 1.3× 1014 W/cm2. The perturbing field has an intensity of 10−4 relative to the
driving field.

The measured group delay from the hydrogenic atom varies predominantly linear with
respect to energy, as predicted by the SFA, and serves as a reference for the other results.
Below 65 eV, the measured group delay from the xenon TD-DFT simulation predominantly
increases linearly with energy, except for a small variation near 55 eV due to the Cooper
minimum in the 5p0 → εd channel. Above 100 eV, the large variations observed in the group
delay are due to the interference between the long and short trajectories.

Between 65 and 80 eV, the measured group delay from the TD-DFT simulation exhibits
modulations due to the multielectron interaction. As described above, these modulations
are associated with the phase of the matrix element describing the momentum transfer be-
tween the recollision electron and the ion through the Coulomb interaction. These variations
are both observed in the calculated group delay, depicted in Fig. 9.3 and the C-SFA mea-
surement result agrees with the TD-DFT result. The differences between the C-SFA and
TD-DFT results are attributed to the use of first-order approximations in the C-SFA and
other dynamics included in the C-SFA (e.g. ground state depletion, orbital distortion, etc...).
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9.5 Conclusions

In this chapter, I demonstrated the importance of multielectron interaction in attosecond
pulse emission from xenon using TD-DFT. The Coulomb interaction and resultant momen-
tum transfer between the recollision electron and 4d sub-shell electrons was observed to
excite the entire n = 4 shell and significantly affect the phase of attosecond pulse emission.
The effect of these dynamics on the recollision electron wave packet was then described using
an extension of the SFA which accounts for electron correlation and this was used to describe
how these effects would manifest in an in situ measurement. This was then confirmed by a
single-image in situ measurement simulated using TD-DFT, which clearly reflected the phase
of the matrix element describing the Coulomb interaction between the recollision electron
and the ion and the Cooper minimum near 55 eV.

The multielectron interaction observed here introduces two new parameters describing
the recollision process (i.e. the transferred momentum and time of multielectron interaction).
Consequently, higher-dimensional HHG-based spectroscopy [93] will be necessary to isolate
and characterize the temporal and momentum dynamics of this multielectron interaction
fully. Further, within this thesis, only forms of in situ measurement which used perturbing
and driving fields with a parallel polarization were used. Due to the parallel polarization
of the perturbing field, the perturbation-induced phase shift is sensitive to the change in
transferred momentum due to the phase of the Coulomb interaction matrix element. In
contrast, methods of in situ measurement which use a perpendicularly polarized field [26]
will be insensitive to the change in transferred momentum and will provide a measurement
related solely to the change in the times of recombination and multielectron interaction.
This suggests the combination of perpendicular and parallel polarized in situ measurement
can be used to isolate the momentum transfer dynamics unambiguously.

Summary: The in situ measurement of transition moment phase shifts due to elec-
tronic structure and multielectron interaction were demonstrated using time-dependent
density functional theory simulations of recollision in xenon. The measurement of the
Cooper minimum and phase shifts due to the energy and momentum transfer between
the recollision electron and ion demonstrate that attosecond in situ measurement is
ideally suited for the measurement of these effects.
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Part IV

Conclusion
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Chapter 10

Conclusions

In this thesis, I have demonstrated the feasibility of all-optical approaches in attosecond
science to measure transition moment phase shifts due to electronic structure and multi-
electron interaction. This was done by extending the strong field approximation to systems
which exhibit a rapidly varying transition moment phase and describing in situ measurement
within this framework. This analytical model was then confirmed using ab initio simulation
and experiment. The sensitivity of all-optical measurement to such phase shifts was found to
depend on the nature of the transition moment. In particular, all-optical approaches are in-
sensitive to phase shifts due to ionic structure due to a first-order cancellation of the influence
of the perturbing field on the recollision electron wave packet and the transition moment.
The results from the studies of the Cooper minimum in argon and multielectron interaction
in one-dimensional helium and xenon, however, demonstrate that all-optical approaches are
sensitive to transition moment phase shifts due to electronic structure and dynamics.

Previous to this work, all-optical approaches were not thought possible. The three steps
of the classical recollision model were thought of as independent and it was assumed that
the recombination step was independent of the driving laser field. The sensitivity of all-
optical methods to the transition moment phase, however, demonstrates that neither of
these assumptions are generally true. The all-optical measurement of the group delay vari-
ation around the Cooper minimum in argon (done within the SFA in Chapter 6 and with
ab initio theory and experiment in Chapter 8) demonstrate that the determination of the
components of the recollision electron wave packet which dominate dipole emission is sensi-
tive to the transition moment phase and that this sensitivity affects recollision trajectories.
Further, the insensitivity of all-optical measurement to the transition moment phase in a
diatomic molecule follows from the sensitivity of both the recollision electron wave packet to
the transition moment and the influence of the perturbing field on the transition moment.
Thus, the sensitivity of all-optical approaches to the transition moment phase has implica-
tions beyond measurement and will change how recollision processes and the effect of the
transition moment are understood. In particular, the effect of the transition moment on the
recollision electron wave packet requires that transition moment phase shifts be included in
the saddle-point analysis typically employed in the SFA. While this complicates the simu-
lation of recollision dynamics in complex systems, this greater complexity will allow for a
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deeper understanding of electron dynamics in complex atomic and molecular systems.

Studies of the transition moment in attosecond science have typically been accomplished
using photoionization-based measurement. These results illustrate an alternative route to
these measurements which is advantageous in many ways. First, all-optical measurements
can be performed with attosecond pulses of much lower energy than photoionization-based
methods, as the measurement is observed entirely optically. This will become more impor-
tant as attosecond science progresses towards the study of systems at higher energies because
single-photon ionization cross-sections rapidly decrease with energy. Second, all-optical mea-
surements are accomplished by manipulating infrared radiation and do not require a time-
delayed XUV beam-line. This will permit more complex and higher-dimensional spectro-
scopies to be (comparatively) easily performed using techniques from conventional optics.
Third, while both photoionization-based and all-optical measurement require an apparatus
to generate and resolve the spectra of attosecond pulses, all-optical approaches do not re-
quire an additional photoelectron spectrometer. The simpler experimental design will allow
any laboratory capable of generating high harmonic radiation to study transition moment
phase shifts. Finally, all-optical measurements are insensitive to pulse propagation effects
(e.g. dispersion in spectral filters) as the measurement is performed during the recollision
process. Thus, these techniques experimentally unambiguously isolate electron dynamics
and structure.

Over the past thirty years, attosecond science has grown into a mature science and has
applications ranging from atomic to solid-state physics [11]. The extension of conventional
atomic high harmonic spectroscopic methods to solid-state media has proven to be tremen-
dously successful [103]. Many of the transition moment phase shifts studied here manifest in
solid-state recollision processes [104, 105, 106, 107]. Compared with gas-phase HHG, solid-
state HHG represents a new frontier for attosecond science. In particular, the prospect of
studying HHG using all-optical measurements in strongly-correlated solid-state systems [108]
is especially exciting given the focused sensitivity of in situ measurement to electronic struc-
ture and multielectron interaction. This focused sensitivity will allow for the measurement
of correlated electron dynamics on their natural timescales in recollision processes, which
will provide a rigorous experimental foundation for the development of theoretical methods
describing dynamic electron correlation [109].
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Appendix A

Code Access

The code for the one-dimensional helium and time-dependent density functional theory sim-
ulations can be obtained using the following hyperlinks:

— One-Dimensional Helium Code [https://github.com/graham-g-brown/2DTDSE/tree/main]

— TD-DFT Code [https://github.com/graham-g-brown/ggbTDDFT/tree/main]

In order to run the code, the following is needed:

— A computer running Linux

— An NVIDIA graphical processing unit of compute capability 3.5 or greater

— An installation of the NVIDIA-CUDA toolkit

— An installation of Python with the Numpy, Scipy, and MatplotLib libraries

— Time and patience.
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Appendix B

The Classical Three-Step Model

The three-step recollision model is comprised of the following steps:

1. In the presence of a strong field, an electron is removed from an atom or molecule and
enters the continuum near the ionic core with zero initial velocity at time tb. This can
occur any time within the strong field optical cycle.

2. The electron is accelerated by the strong field.

3. As the strong field oscillates, the electron is driven back towards and collides with its
parent ion at time tr. It enters into its initial state, emitting its excess energy as a
photon.

I let the driving field be described by a sinusoidal vector potential A(t) (vector notation is
omitted):

A(t) = A0 sin(ω0t). (B.1)

The requirement that the electron be born with zero velocity requires the recollision electron
canonical momentum k to satisfy the following:

0 = k + A(tb) =⇒ k = −A(tb). (B.2)

With this, the kinetic momentum p of the electron in the continuum is

p(t) = A(t)− A(tb). (B.3)

Its kinetic energy K at time tr is then

K(tr) =
(A(tr)− A(tb))

2

2
. (B.4)

The requirement that the electron return to its parent ion is then expressed by

0 =

∫ tr

tb

p(τ)dτ. (B.5)

This equation can be solved numerically for times tb and tr which satisfy the displacement
condition. Fig. B.1 (a) depicts solutions for tb and tr found by solving eq. (B.5) with eq.
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Figure B.1 – (a) The time of return tr plotted against the ionization time tb in units of the
driving field period. (b) The recollision electron trajectories found by solving for tb and tr
using eq. (B.5).

(B.1). Fig. B.1 (b) depicts the recollision electron trajectories x(t) found with the solutions
for tb and tr calculated according to

x(t) =

∫ t

tb

p(τ)dτ. (B.6)

With the solutions for tb and tr, the frequency Ω of the photon emitted upon recombination
is

Ω = K(tr) + Ip. (B.7)

With Ip = 0, the saddle-point equations for the time domain dipole moment in eqs. (2.43)
and (2.43) reduce to the conditions for a zero initial velocity and return from the classical
model in eqs. (B.2) and (B.6).
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[52] A. S. de Wijn, M. Lein, and S. Kümmel. Strong-field ionization in time-dependent
density functional theory. Europhysics Letters, 84(4):43001, Nov 2008. (Page 40)

[53] P. Hohenberg and W. Kohn. Inhomogeneous Electron Gas. Phys. Rev., 136:B864–
B871, Nov 1964. (Page 40)

[54] R. van Leeuwen and E. J. Baerends. Exchange-correlation potential with correct
asymptotic behavior. Phys. Rev. A, 49:2421–2431, Apr 1994. (Page 42, 53, 88, 99,
100)

[55] Erich Runge and E. K. U. Gross. Density-Functional Theory for Time-Dependent
Systems. Phys. Rev. Lett., 52:997–1000, Mar 1984. (Page 43)

[56] Makenzie R. Provorse and Christine M. Isborn. Electron dynamics with real-time time-
dependent density functional theory. International Journal of Quantum Chemistry,
116(10):739–749, 2016. (Page 43)

[57] G. G. Brown, D. H. Ko, C. Zhang, and P. B. Corkum. Measuring and controlling
resonance-enhanced recollision with infrared fields. Phys. Rev. X (submitted), 2021.
(Page 45, 73)

123

https://link.aps.org/doi/10.1103/PhysRevA.82.023406
https://link.aps.org/doi/10.1103/PhysRevA.82.023406
https://link.aps.org/doi/10.1103/RevModPhys.55.403
https://link.aps.org/doi/10.1103/PhysRevLett.66.2305
https://link.aps.org/doi/10.1103/PhysRevLett.66.2305
https://doi.org/10.1063/1.4953039
https://doi.org/10.1063/1.4953039
https://doi.org/10.1063/1.4704546
https://link.springer.com/chapter/10.1007/978-94-009-9027-2_2
https://onlinelibrary.wiley.com/doi/abs/10.1002/9783527691036.hsscvol5022
https://doi.org/10.1209/0295-5075/84/43001
https://doi.org/10.1209/0295-5075/84/43001
https://link.aps.org/doi/10.1103/PhysRev.136.B864
https://link.aps.org/doi/10.1103/PhysRevA.49.2421
https://link.aps.org/doi/10.1103/PhysRevA.49.2421
https://link.aps.org/doi/10.1103/PhysRevLett.52.997
https://link.aps.org/doi/10.1103/PhysRevLett.52.997
https://onlinelibrary.wiley.com/doi/abs/10.1002/qua.25096
https://onlinelibrary.wiley.com/doi/abs/10.1002/qua.25096


[58] Graham G. Brown, Dong Hyuk Ko, Chunmei Zhang, and P. B. Corkum. Characterizing
multielectron dynamics during recollision, 2020. (Page 45)

[59] M.D Feit, J.A Fleck, and A Steiger. Solution of the Schrödinger equation by a spectral
method. Journal of Computational Physics, 47(3):412–433, 1982. (Page 46)
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