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Abstract—We review recent progress in understanding the dominant mechanism driving high-harmonic generation in solids.
Three-dimensional two-band single active electron calculations
predict that the major emission arises from the recombination of
electron-hole pairs upon their creation and acceleration in the laser
field, in analogy to atomic high-harmonic generation. The main
goal of this study is to review a simple quasi-classical trajectory
formalism and use it to better understand the fundamental properties of high-harmonic generation in solids and how they compare
to high-harmonic generation in atomic and molecular gases. The
simple formalism presents a valuable tool for extending attosecond
science from the gas to the condensed matter phase. This is demonstrated by discussing the potential synthesis of attosecond pulses
from solids.
Index Terms—High harmonic generation (HHG), solids, nonlinear optics, attoseconds.

I. INTRODUCTION
HE extremely nonlinear interaction of ultrashort intense
laser pulses with atomic or molecular targets leads to the
production of coherent soft X-Ray radiation [1]. The process,
dubbed “high-harmonic generation” (HHG), allowed for new
gas-phase spectroscopic methods [2]–[4] and laser sources capable of delivering bursts of light with attosecond duration [5],
[6] to be developed.
High-harmonic spectroscopy, for example, has enabled imaging of molecular orbitals [3], [7] and dynamics during a chemical reaction [4]. HHG is also technologically relevant because
it provides a well collimated source of spatially and temporally
coherent X-Rays, useful for example to perform diffraction experiments [8] and to generate pulses with duration of a few tens
of attoseconds [6].
So far, HHG related research has focused on atoms or
molecules. Only recently, have high harmonics also been
measured from bulk semiconductor crystals [9], [10]. The generation of high harmonics has been made possible by technological progress in intense femtosecond mid-IR and THz
laser sources. In Ref. [9] the authors generate up to the 25th
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harmonic (at 9.5 eV) of a fundamental wavelength centred at
3.25 μm in a ZnO crystal. The harmonics extend significantly
above the minimum bandgap of the material (3.2 eV), suggesting the non-perturbative nonlinearity of these harmonics. The
non-perturbative nature becomes apparent from the scaling of
the harmonic intensity as a function of the fundamental laser
intensity—it does not follow the power law behaviour typical of
conventional nonlinear optics [11]. In Ref. [10], a phase-locked
THz source with wavelength centred around 10 μm was used,
and harmonics up to the 20th order were measured. A similar
intensity scaling as in Ref. [9] was found.
These experiments have stirred significant theoretical effort
to understanding the mechanism driving HHG in solids [9],
[10], [13], [14], [18], [19]–[23]. In solids there are two potential
mechanisms driving HHG—an interband current and an intraband current. Both are initiated by strong-field excitation of an
electron to the conduction band through which an electron-hole
pair is formed. Then, the electron and the hole are accelerated
by the laser field, thereby gaining momentum and energy and
exploring wide portions of the Brillouin Zone (BZ). Whereas the
interband current relies on the buildup of polarization between
the electron and the hole, the intraband current is driven by
the individual motion of electrons and holes in their respective
bands. Nonlinearity in the intraband contribution comes from
tunnel ionization [12], [22] and from the nonlinear dependence
of the band velocity on the electron-hole crystal momentum,
which is determined by the laser vector potential [17].
In a recent work, the importance of interband and intraband
HHG were examined and it was found that interband HHG is the
dominant mechanism [14] for mid-IR excitation laser frequencies. Quasi-classical analysis of interband HHG has revealed
a picture that is very similar to HHG in atomic and molecular
gases. Following creation of an electron-hole pair, the laser field
first drives the electrons and holes apart. Once the laser field has
reversed its direction, the electron and hole are driven back towards each other. Finally, when electron and hole recollide and
recombine, a harmonic photon with energy equal to the band
energy difference between electron and hole is emitted. Similar
models have been used to describe other strong-field interaction
processes in solids, such as high-order sideband generation of
THz radiation [15] and electron rescattering at the surface of a
nanotip [16].
By comparison, in atomic HHG an electron is first ionized. It
is then accelerated—driven away and back to the ion—following
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the sinusoidal evolution of the laser field. The ion is stationary
due to its much larger weight. Once it recollides with the ion and
recombines to its initial state, a harmonic photon is generated
with energy equal to the kinetic energy of the free electron.
In this work we review the method and results derived in Ref.
[14], [29] for HHG in solids. Our analysis focuses on interband
and recollision based HHG. The paper is structured as follows.
In Section II we review the 3-D theoretical model, which
relies on a two band, single active electron approximation. Results from the numerical solution of the full two band equations
are discussed. Above the bandgap, interband HHG is dominant
which is non-perturbative in nature. For below bandgap harmonics it is shown that HHG is perturbative for field strengths below
∼10−3 atomic units. For higher field strengths non-perturbative
mechanisms begin to dominate.
In Section III, the semiclassical model introduced in Ref.
[14], [29] is employed to visualize the motion of electron-hole
pairs and to explore the similarities and differences of HHG in
the gas and condensed matter phase.
In Section IV we investigate the scaling of the cutoff harmonic with the laser field strength and derive an approximated
analytical expression based on the semiclassical model.
In Section V we discuss the influence of dephasing on the
harmonic spectrum and on the efficiency of HHG.
Finally, in Section VI we conclude by investigating the potential of HHG in solids for attosecond pulse generation. Our
work complements previous analysis on the duration of highharmonic pulses generated via the intraband mechanism [21].
We find that the spectral chirp imprinted by the interband HHG
process is substantially larger than in gases and prohibits the
generation of transform limited high harmonic pulses. Our analysis predicts pulse durations of slightly above 1 fs in ZnO. By
optimizing material parameters, e.g. by using wider bandgap
materials, the realization of a sub-fs solid state VUV source
should be possible.

Fig. 1. The first conduction (red line) and the split-off valence (blue line)
bands of ZnO along the Γ-M direction of the BZ are extracted from Ref. [24];
for the expansion coefficients see Table I.
TABLE I
EXPANSION COEFFICIENTS α jm , i (i = x, y, z AND j = 0, 1 . . .) OF THE
NL-EPM BANDS TAKEN FROM REF. [24] FOR THE CRYSTAL FIELD
SPLIT VALENCE BAND (m = v) AND FOR THE
FIRST CONDUCTION BAND (m = c)

α 0m , x
α 1m , x
α 2m , x
α 3m , x
α 4m , x
α 5m , x
α 0m , y
α 1m , y
α 0m , z
α 1m , z

Valence band

Conduction band

–0.0928
0.0705
0.0200
−0.0012
0.0029
0.0006
−0.0307
0.0307
−0.0059
0.0059

0.0898
–0.0814
–0.0024
–0.0048
–0.0003
–0.0009
0.1147
–0.1147
0.0435
–0.0435

II. THEORETICAL MODELLING
Our analysis of HHG from ZnO crystals is based on a 3-D,
two-band, single active electron model solid with general band
dispersion,
Em (k) = Em ,x (kx ) + Em ,y (ky ) + Em ,z (kz )

(1)

with m = (v, c) for the valence and conduction bands respectively. For each direction in the reciprocal space (i = x, y, z),
Ev,i (ki ) =

∞


j
αv,i
cos(jki ai )

(2a)

j =0

Ec,i (ki ) = Eg +

∞


j
αc,i
cos(jki ai )

(2b)

j =0

with ai = 2π/κi where κi is the reciprocal lattice vector along
coordinate i. The orientation of the reciprocal lattice of ZnO
(wurtzite structure) is chosen so that x̂  Γ−M , ŷ  Γ−K, and
ẑ  Γ−A (optical axis); along these directions [24] (ax , ay , az ) =
(5.32, 4.61, 9.83) a.u. These parameters are calculated from the
reciprocal lattice vectors of the hexagonal wurtzite structure

with lattice constants a = 6.143 a.u. and c = 9.83 a.u. Atomic
units are used throughout the paper unless otherwise indicated.
The bands, calculated with a NL-EPM approach [24], are plotj
ted in Fig. 1. The expansion coefficients αm
,i (i = x, y, z,
j = 0, 1 . . .) for valence (m = v) and conduction (m = c) bands
are obtained up to j = 5 for Γ−M ; the nearest neighbour expansion is used for Γ−K and Γ−A. The resulting coefficients are
listed in Table I. The bandgap energy at the Γ-point is given by
Eg = 0.1213. The calculations have also been performed with
bands obtained from DFT in the local density approximation
(LDA-ABINIT). Although the spectra show minor differences,
the discussion and the conclusions presented here are valid in
both cases. In our calculation we use the lowest conduction band
and the crystal field split valence band, since its lower effective
hole mass results in strongest ionization.
In order to capture the fundamental processes driving HHG
in solids we have confined our analysis to a band energy that
is linearly decomposed along an orthogonal coordinate system.
This presents an idealization of real semiconductors, such as
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ZnO. We would like to briefly discuss resulting shortcomings of
our model and how to correct for them in an improved analysis.
From our calculations we find that, at the peak of the pulse, the
lateral width of the electron and hole wavepacket extends over
10−40% of the BZ for the investigated field strengths, i.e. it
remains in the parabolic range along the Γ−K and Γ−A directions. The band anisotropy in ZnO is rather small along the
Γ−M and Γ−K directions, justifying the decoupling. There is
a stronger asymmetry along the Γ−A direction so that the offdiagonal elements of the mass tensor should be considered.
Further, when the electron- and hole-wavepacket reach the
boundary of the BZ, our orthogonal coordinate system fails
to reflect the hexagonal correct symmetry of the BZ of ZnO.
This occurs around the highest field strengths considered in our
paper (F ≈ 0.08), for which the coordinate system would need
to be adapted.
High harmonics are generated by intra- and interband currents
[14],
 
vm (k) nm (k − A(t), t) d3 k (3a)
jra (t) =
m =c,v

jer (t) =

d
dt

BZ



p(k − A(t), t) d3 k

(3b)

BZ

where the band velocity is defined by vm (k) = ∇k Em (k), A(t)
is the laser vector potential, and F(t) = −dA/dt is the laser
electric field. In experiments [9], the vacuum field strength Fv
is measured. Due to surface reflection (here considered at normal incidence) the peak electric field strength in the material is
reduced to F0 = 2Fv /(n + 1) = 0.69Fv , with n = 1.9042 the
material refractive index of ZnO at the fundamental frequency.
The high-harmonic spectrum is obtained from the Fourier transform (FT) of jt = jra + jer , as |FT{jt }|2 . The population of
band m, nm (k, t), and the interband polarization p(k, t) are
governed by the semiconductor Bloch equations,
π̇(K, t) = −

π(K, t)
− iΩ(K, t) w(K, t) e−iS (K ,t) (4a)
T2

ṅm (K, t) = ism Ω∗ (K, t) π(K, t) eiS (K ,t) + c.c.

(4b)

where multi-electron effects are neglected. Here, w = nv − nc
is the population difference, T2 accounts for dephasing
 t within
the relaxation time approximation, S (K, t) = −∞ εg (K+
A(t ))dt is the classical action, εg = Ec − Ev is the bandgap
between conduction and valence bands, Ω (K, t) = F(t) d(K+
A(t)) is the Rabi frequency, and sm = −1, 1 for m = v, c, respectively. Further, the crystal momentum k has been transformed into a frame moving with the vector potential, K =
k − A(t). Finally, π(K, t) is related to the polarization by
(5)
p(K, t) = d(K+A(t))π(K, t)eiS (K ,t) + c.c.
 3 ∗
where d(k) = i d x u v,k (x)∇k uc,k (x) is the transition
dipole moment, with um ,k the periodic part of the Bloch function. The k-dependent dipole d(k) is defined as in the supplementary material of Ref. [14]. Initially all electrons are in the
valence band. For a more detailed derivation see Ref. [14].
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Fig. 2. Harmonic spectrum for interband (|F T {je r }|2 , blue line) and intraband (|F T {jra }|2 , red line) currents for a field strength F0 = 0.0045 a.u.;
we use a temporal Gaussian envelope with a FWHM of ten cycles and cosine carrier with frequency ω = 0.014 a.u., corresponding to a laser period
T 0 = 2π/ω = 10.9 fs. The dephasing time is (a) T 2 = ∞ and (b) T 2 = T 0 /4.
The laser polarization is parallel to the Γ-M direction of the reciprocal space of
a wurtzite ZnO crystal. The dashed black vertical line represents the minimum
bandgap at the center of the BZ.

A. Discussion of High Harmonic Spectra
Fig. 2 shows the high harmonic spectrum of the intraband
(red) and interband (blue) curves obtained from ZnO for two
dephasing times T2 at a field strength of F0 = 0.0045 a.u.
(0.24 V/Å or 0.7 TW/cm2 ) and frequency ω = 0.014 a.u. (λ =
3.26 μm). Laser polarization is along the Γ-M direction of the
reciprocal space.
Interband harmonics dominate intraband emission for both
dephasing times. We have performed calculations in a range of
field strengths 0.002 ≤ F0 ≤ 0.01. Interband HHG is always
the dominant mechanism for above bandgap harmonics. For below bandgap harmonics, dominance of interband and intraband
HHG varies with intensity.
A comparison of the harmonic spectra in Fig. 2(a) and (b) reveals a strong sensitivity of HHG to dephasing. Fig. 2(a) shows
the spectrum in the absence of dephasing; contrary to experimental findings, no clear harmonic structure is observed. A
peak-to-valley contrast comparable to that achieved in experiments [9] is observed only for dephasing times shorter than a
laser half cycle. The role of dephasing has been explained in
Ref. [14] in the following way. Interband emission is understood in terms of a three step model: an electron-hole pair is
created by tunnel ionization, driven first apart by the laser field,
and then driven back towards each other, once the laser field
changes sign, resulting in recollision and recombination of the
electron-hole pair; after the first re-encounter the electron-hole
pair is again driven apart and then towards each other, so that
multiple recollisions can occur at varying time intervals. The interference of these aperiodic contributions to harmonic emission
washes out the harmonic structure and a continuum-like spectrum is produced [see Fig. 2(a)]. For dephasing times shorter
than T0 /2 the coherence between electron and hole is lost for
recollisions higher than the first, resulting in a suppression of
harmonic emission from higher order returns.
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integrals,



jer (ω) = ω


d3 k d(k)

∞

dte−iω t



−∞

BZ

t

dt F (t )d∗(κt  )

−∞




× e−iS (k,t ,t)−(t−t )/T 2 + c.c. (7a)
where κt  = k + A(t ) − A(t). Further, we have transformed
the crystal momentum back to the initial frame k = K + A(t),
t
and S(k, t , t) = t  εg (κτ )dτ . The strongest contribution to the
integrals come from those points where the phase is stationary,
i.e. where the first derivative of the phase is zero. As a result,
the three integrals with respect to t, t , and k yield the following
three conditions defining the stationary phase points,
 t
∇k S =
v(k − A(t) + A(t ))dt = 0
(8a)
t

}|2 ) as a function of fundamen-

Fig. 3. Total high-harmonic intensity (|FT{jt
tal field strength for below bandgap harmonics; pulse parameters are the same as
in Fig. 2. The solid lines with round markers represent the simulated spectrum,
whereas the dashed lines correspond to the perturbative scaling of each order,
as given by (6).

B. From Perturbative to Non-Perturbative Regimes
Harmonics above the minimum bandgap are driven by mechanisms that are usually non-perturbative in nature. The intensity of non-perturbative harmonics is, among other factors,
determined by strong-field ionization [25]. As a result, the harmonic yield as a function of driving laser intensity does not
follow a power law
IN ω ∝ IωN

(6)

where N is the order of the harmonic. Below the bandgap, it
is not so clear whether perturbative or non-perturbative mechanisms dominate HHG in solids. Fig. 3 shows the intensity of
below-bandgap harmonics generated by the total current jt as
a function of the fundamental field strength (solid lines with
markers). The expected perturbative scaling is traced by the
dashed lines in Fig. 3. Only for F0 < 10−3 a.u. are harmonics
generated perturbatively. At higher intensities below-bandgap
harmonics become non-perturbative. In atomic HHG, several
mechanisms to generate these harmonics have been proposed in
the literature [26], and have been experimentally verified [27].
It is possible that similar mechanisms are at play in HHG from
solids as well.
III. SEMICLASSICAL DESCRIPTION OF INTERBAND HHG
In the limit of low ionization, w(t) = nv (t) − nc (t) ≈ 1,
the intra- and interband currents have the analytical solution
derived in Ref. [14], from which a simple semiclassical interpretation of HHG can be derived. In this section we review
this model. We focus our discussion on interband HHG which
was found above to be the dominant channel. The reliability of
the semiclassical trajectory approach will be demonstrated by
comparison with numerical simulations.
By integrating Eqs. (4) and inserting the polarization into
Eq. (3b), the interband current can be expressed in terms of

i
dS
= εg (k − A(t) + A(t )) −
=0

dt
T2

(8b)

dS
i
= εg (k) − Ω +
=0
dt
T2

(8c)

where v(k) = ∇k εg (k) = vc − vv is the difference of the velocities of the electron
 tand the hole in their respective bands.
Further, xc,v (t , t) = t  dt vc,v is the space excursion of electron and hole.
Even in the absence of dephasing, solution of the above equations requires complex stationary phase (saddle) points. The
imaginary components capture the essential quantum aspects of
the process, such as the tunnelling of the electron from the valence to the conduction bands [28]. After the electron-hole pair
is born, its dynamics can be understood by a purely classical
description, which corresponds to the real parts of the saddle
point solutions. In order to be able to focus on the real part,
dephasing is also neglected, i.e. T2 = ∞.
The first of the three equations, ∇k S = Δxc − Δxv = 0,
states that the total distance travelled by the electron equals that
travelled by the hole. Since they are born at the same position,
the condition implies that high harmonics are emitted only upon
re-encounter of electron and hole.
Eq. (8b) also has a classical interpretation. First, it defines the
birth time at which the electron-hole pair is formed by tunnel
ionization. Second, it determines the quasi-classical evolution
of electron and hole crystal momentum in the laser field. It is
easily proven [29] that for direct bandgap materials, for which
the minimum bandgap is at the Γ-point, the solution of the
equation is
k(t, t ) = A(t) − A(t )

(9)

which is the classical equation of motion for electron-hole pairs
in a lattice.
Finally, Eq. (8c) ensures conservation of energy: the electron recombines with the hole and emits one photon with energy equal to the energy bandgap at the crystal momentum of
recombination.
Thus, in essence HHG from solids is driven by a process
similar to the three-step model of atomic HHG: an electronhole pair is created at time of birth t (step one); the electron
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Fig. 4. Semiclassical calculation of electron and hole trajectories for a continuous wave laser with peak field strength F0 = 0.0045 a.u. (a) Crystal momentum
obtained with Eq. (9) for electron-hole pairs created at different times. Red (blue) lines correspond to long (short) trajectories for various birth times. The black
line represents the cutoff trajectory, for which electron-hole pairs recollide with maximum momentum. The momentum of recollision is marked for each trajectory
by the empty circles. The edge of the BZ is marked by the black dashed line; at the chosen F0 some trajectories go beyond the first BZ. (b) Position of the electron
(solid lines) and the hole (dashed lines) following their creation, for pairs born at the peak of the field (red lines) and for the cutoff trajectory (black lines). The
green lines are the atomic trajectories for an electron-hole pair born at the same time as the cutoff trajectory in ZnO. (c) Position of the electron-hole pair at the
time of recollision in units of lattice cells. The cutoff trajectory separates long trajectories (smaller birth times) to the short trajectories (longer birth times). Band
parameters are given in Table I.

and hole are accelerated by the field in opposite directions (step
two); when the field changes sign they are driven back towards
their point of origin and eventually re-encounter each other at
time t with non-zero crystal momentum (step 3). The crystal
momentum determines the bandgap energy difference between
electron and hole and therewith the energy of the photon that is
emitted upon recombination.
We solve the saddle point equations in the classical approximation as follows. For each birth time t an electron and a hole
are propagated with velocity v[k(τ, t )] = v[A(τ ) − A(t )] until time t when they re-encounter with crystal momentum
k = k(t, t ) = A(t) − A(t ). Equations (8a) and (8b) are thus
satisfied. The two stationary times define a classical trajectory, which is associated with a high harmonic photon energy
εg (k(t, t )) via Eq. (8c).
Fig. 4(a) shows the evolution of k(τ, t ) with time τ for
electron-hole pairs created at selected times after the peak
of the electric field, which is at τ = 0; the trajectories are plotted
starting at their respective birth times. The black line represents
the trajectory that recollides with highest momentum generating the cutoff harmonic; the red (blue) lines correspond to
trajectories that recollide after (before) the cutoff trajectory, and
are called “long trajectories” (“short trajectories”). Every trajectory is born with zero momentum and subsequently evolves
as dictated by Eq. (9). Electron and hole velocity are determined
by the gradient with respect to crystal momentum of the respective bands. As conduction and valence band are different, this
results in a different dynamics of electrons and holes. The empty
circles indicate the recollision time at which electron and hole
re-encounter.
Fig. 4(b) shows the position of electron (solid line) and hole
(dashed line) in real space, obtained by integrating over electron
and hole velocity. The black and red curves correspond to the
same-coloured graphs in Fig. 4(a) representing the cutoff trajectory and an electron-hole pair born at the field maximum τ = 0,
respectively. For comparison, the trajectory expected from an
atomic system driven at the same field strength and born at the

same time as the cutoff trajectory is plotted as the green lines in
Fig. 4(b). Connection between the atomic gas and the solid state
picture can be established by Taylor expanding the bands about
the Γ-point, where they depend quadratically on the crystal momentum. In this limit the band velocity v = ∇k εg ∝ k(t , t),
as in the atomic case. We set v = k(t , t) to simulate the latter.
Then, by associating Eg with the atomic ionization potential,
quasi-classical equations are obtained that are identical with the
atomic case.
Several features of solid HHG can be explained with the
semiclassical model. For the following analysis a continuous
wave laser field is used.
There are several similarities between HHG in atomic gases
and in solids. Similar to the atomic case, trajectories born after
the peak of the field acquire a drift velocity. Therefore electron
and hole can re-encounter each other only a limited number
of times. The time of the first recollision for each trajectory is
marked by the open circles in panel (a). As the birth time increases (from the dark red to the light red lines), the momentum
of recollision increases, up to the black line which corresponds
to the trajectory recolliding with maximum momentum. Because
the bandgap monotonically increases with momentum, the high
harmonic photon energy also increases. These trajectories correspond to the so-called “long trajectories” found in atomic HHG.
As the birth time increases further, the momentum of recollision
decreases (from the light blue to the dark blue lines). The highharmonic photon energy also decreases. These trajectories correspond to the “short trajectories” of atomic HHG.
There are also key features where HHG in gases and in solids
exhibits different behaviour. First, in contrast to the atomic case,
where the mass of the hole is infinite, the hole also moves
for its mass is comparable to that of the electron. Because the
motion of electron and hole are different from each other due to
the differences in energy bands, re-encounter in general occurs
offset from their place of birth. This is shown in Fig. 4(c), where
the position of recollision is plotted as a function of the birth
time. For example, recollision of the cutoff trajectory occurs
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Fig. 5. Maximum excursion before recollision for electron and holes in units
of lattice cells as a function of field strength; maximum excursion is obtained
for electron-hole pair born at the peak of the laser field; continuous wave laser
field with frequency ω = 0.014 a.u. is used.

∼1.7 lattice cells away from its origin. This is not possible in
gases, as the atomic nucleus does not move.
Furthermore, as discussed above, only over parts of the
bandgap (close to the Γ-point) where the band velocity is linearly related to the crystal momentum, the atomic picture is
retrieved. In general, for higher field strengths parts of the BZ
are explored where the bands are anharmonic functions of the
crystal momentum k(t, t ). This results in a different evolution
of trajectories in gases and in solids, as seen from a comparison
of the green (gas) and black (solid) solid lines in Fig. 4(b).
Finally, in atomic HHG the kinetic energy is an unbounded
function of the electron velocity. As a result, electron kinetic
energy and excursion can grow indefinitely with F0 /ω and with
F0 /ω 2 , respectively. In a solid, the electron-hole velocity is
determined by the gradient of the bandgap; as a result, both velocity and excursion amplitude are capped. In strong laser fields
the band structure, and therefore the velocity, can be modified
by mixing with higher bands, which is not accounted for in our
two-band analysis. Fig. 5 shows the maximum excursions before recollision occurs as a function of F0 . These are reached
by electrons born at the peak of the field and recolliding at the
end of the cycle. As the field is increased above F0 = 0.004
a.u., the excursion plateaus at ∼13 lattice cells, then decreases
for even higher field strengths. Other trajectories travel shorter
distances. For example, the excursion amplitude is ∼7 lattice
cells at F0 = 0.004 a.u. for the cutoff trajectory.
In Fig. 6 the validity of the quasi-classical trajectory analysis
is verified by comparing it to numerical results for two different
field strengths. The same parameters are used as in Fig. 2(b). The
white line represents the quasi-classical high-harmonic photon
energy plotted versus recollision time for all trajectories born
between the peak and the next zero of the field. Only recollisions within one optical cycle from the moment of ionization are
considered. Short and long trajectories are clearly identified in

Fig. 6. High harmonic photon energy as a function of time. The semiclassical
prediction (white line) agrees with the simulation. Recollision at the next half
cycle leads to further identical emission in the simulated data. The simulation is
a result of a windowed Fourier transform of the interband current obtained for
Fig. 2(b), with dephasing time T 2 = T 0 /4. The window is a 0.34 cycles wide
Blackman function.

Fig. 6(a) as the rising and falling edges of the curve. The emitted
harmonic order as a function of time is extracted from the numerical results in the following way. We performed a windowed
Fourier transform of the interband current, where a 0.34 cycles
wide Blackman window is scanned across one optical cycle.
The time-dependent spectral intensity is color coded in Fig. 6.
Because the HHG process repeats itself at the next half cycle, a
replica of the time-dependent spectrum is also observed. At the
higher field strength of Fig. 6(b) the trajectories are distorted.
This behaviour is a result of the non-parabolic and bounded band
dispersion that differentiates solid HHG from atomic HHG. It
is thoroughly investigated in Ref. [29]. Finally, the good agreement between quasi-classical and numerical results suggests that
within the two-band approximation the field-free band structure
can be used to approximate the electron and hole trajectories
that lead to high-harmonic emission.
IV. CUTOFF SCALING LAW
The maximum high-harmonic produced by the recolliding
electron-hole pair can be extracted from the windowed Fourier
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Fig. 7. The cutoff extracted from a windowed Fourier transform of the simulated time-dependent interband dipole (red dots with dashed line) grows linearly
with the field strength, and is in good agreement with the semiclassical prediction based on the trajectory analysis (blue line). The maximum bandgap is
marked by the black dashed line. Laser and band parameters are the same as in
Section II.

transform of Fig. 6 for different field strengths. The cutoff, reported as the red dots with dashed lines in Fig. 7, scales linearly
with the field strength, in agreement with what was reported
experimentally [9]. The linear scaling is a direct consequence
of the linearity of the bandgap with respect to momentum.
According to Eq. (8c), the cutoff harmonic is emitted by the
trajectory that recollides with highest momentum,
Ωc = εg (kc )

(10)

with the momentum of the cutoff trajectory defined by the birth
time tc and recollision time tc ,
kc =

F0
[sin(ωtc ) − sin(ωtc )] .
ω

Fig. 8. Time frequency analysis of the interband current for (a) T 2 = T 0 /4
and (b) T 2 = ∞. In (b) the long trajectories are more intense than in (a).
Furthermore, multiple recollisions are allowed in (b) and result in spectral
interferences that wash out the clear odd-harmonic structure. They are clearly
visible below HH25.

(11)

Since momentum scales linearly with field strength (Eq. 9), a
bandgap that is linear in momentum yields a cutoff harmonic that
increases linearly with field strength. In atomic HHG, where the
energy is a quadratic function of momentum, the cutoff scales
linearly with the field intensity, as well known from gas phase
experiments.
The semiclassical model is particularly useful because it allows for the derivation of an approximate analytical formula for
the cutoff. By expanding Eq. (10) up to first order in momentum
around the half-point of the BZ, k = kx /4, the cutoff harmonic
can be expressed as:
 κ  dε (k ) 

κx 
x
g c 
k
+
.
(12)
−
Ωc εg
c
4
dkc k c =κ x /4
4
The blue line of Fig. 7 is calculated with the above formula, for
the band parameters reported in Table I. The cutoff trajectory
is found with the semiclassical model described in the previous
section.
A detailed discussion of cutoff is reported in Ref. [29].

V. EFFECTS OF DEPHASING ON HHG
Although there exist various mechanisms affecting electronhole recombination, such as quantum diffusion (wavepacket
spreading), dephasing appears to be the most prominent one.
Dephasing of the interband polarization arises from scattering
of the electron and the hole with other particles, which destroys
phase coherence between electrons and holes; it enters the interband current via the term


e−(t−t )/T 2 .

(13)

As dephasing is exponentially sensitive to the excursion time,
it strongly filters short trajectories with respect to longer trajectories. Fig. 8 shows the high-harmonic intensity with subcycle resolution for two dephasing times: (a) T2 = T0 /4 and
(b) T2 = ∞. The spectra are again obtained with a windowed
Fourier transform; the same parameters are used as those in
Fig. 6. In panel (a) recollision from the short trajectories is apparent, whereas the long trajectories are strongly suppressed.
In the absence of dephasing (panel b), however, long trajectory
components and multiple returns are allowed and they interfere
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Fig. 9. (a) High harmonic photon energy as a function of the emission time for ZnO at F0 = 0.0045 a.u. (blue solid line) and for an atomic system with the same
bandgap as ZnO at F0 = 0.0087 a.u. (green solid line). Laser frequency is ω = 0.0141 a.u. The slope of the curves determines the chirp of the high-harmonic
pulses. The dashed lines are the derivatives taken at 7.5 eV for the long (C l ) and short (C s ) trajectories. The values of the chirps are reported along the lines.
(b) Variation of the pulse duration as a function of the pulse bandwidth. The short trajectory chirp equivalent to GDD = 0.19 fs2 broadens the pulse (red line) with
respect to its transform limit (black line). For this GDD the shortest pulse (1.02 fs) is obtained for a 2.5 eV bandwidth.

with the short branch resulting in aperiodic high-harmonic emission. The spectral signature of aperiodic emission is a loss of
contrast between adjacent harmonic orders, as in Fig. 2(a). Note
also a difference of about two orders of magnitude in the harmonic intensities between HHG with and without dephasing.
Furthermore, the exponential dependence in Eq. (13) also results in an exponential dependence of harmonic intensity on
the wavelength of the driving field. This has been confirmed
by a strong decrease in harmonic intensity for increasing midIR wavelengths found in recent simulations [14]. If experiments
confirm this behaviour, dephasing will become measurable. As a
result, HHG in solids presents a novel way to measure collisions
and dephasing in strongly excited condensed matter systems.
VI. DURATION OF HIGH-HARMONIC PULSES
One of the most important applications of atomic HHG is the
possibility to synthesize XUV laser pulses with a duration of a
fraction of a cycle of the fundamental; that is, several tens of
attoseconds. The shortest pulse ever generated was 67 as (1 as =
10−18 s) [6] in duration. In solids, as long as recollision-based
HHG dominates, also sub-cycle bursts of harmonic radiation
are created. Therefore it is in principle possible to isolate (gate)
a single pulse much shorter than the cycle of the fundamental
field. In practice, a suitable scheme for gating a single recollision
is yet to be found. Several gating techniques in atomic gases take
advantage of the strong dependence of harmonic emission on
the ellipticity of the fundamental laser pulse [30]. The weak ellipticity dependence of high-harmonics from solids measured in
Ref. [9] makes the use of these techniques challenging. In solids,
a recently developed technique appears to be better suited: it relies on the temporal rotation of the fundamental wavefront to
spatially separate each burst in the far-field [31].
It is interesting to consider how short such an isolated pulse
in principle can be. Short pulses require wide bandwidths and
nearly flat spectral phases (small chirps). The bandgap of ZnO

allows generation of 20 harmonic orders at ω = 0.014 a.u.,
corresponding to 7.6 eV bandwidth. If we assume a transformlimited Gaussian spectrum with half of this bandwidth, it corresponds to a temporal high harmonic pulse with 480 as (FWHM).
However, analogously to atomic HHG, the generation process
gives an intrinsic temporal chirp to the harmonics that prevents
the generation of transform limited pulses (unless the temporal
chirp is compensated ex-situ). The chirp arises from the variation in the emission time of different harmonic orders [32]:
C=

dt
d(N ω)

(14)

with harmonic order N (t) a function of the return (emission)
time. In Fig. 9(a) this relation is depicted by the full blue line for
F0 = 0.0045, which is identical to the white line of Fig. 6. The
dashed lines represent the first derivatives of harmonic order
with respect to time for the short and long trajectory sides of
the curve. The chirp for the long and short trajectories amount
to −132 and +288 as/eV respectively. These are larger than
those obtained in gases, which typically are ∼10 as/eV. The
smaller chirp can be attributed to two orders of magnitude higher
laser intensity typically used in atomic HHG. As a result, the
bandwidth of the harmonic spectrum is much wider resulting in
a smaller shift of emission time per harmonic order.
Besides the laser parameters, the shape of the band also affects the attochirp. This is seen by comparing chirps in ZnO
and in atomic gases for field strengths that yield the same cutoff
harmonic (at the same fundamental frequency). To achieve that,
a field strength of F0 = 0.0087 (F0 = Fv in a gas) must be
chosen for the atomic case. Further, the bandgap Eg is set equal
to the atomic ionization potential. The atomic emission times
and chirps are the green solid and dashed curves respectively.
Whereas the atomic chirp of the short trajectory is 290 as/eV
(comparable to the one from ZnO), the chirp of the long trajectory is –247 as/eV, almost twice the one from ZnO. In atomic
gases, due to propagation effects, usually the short trajectories
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are dominant. As was shown above, the presence of dephasing
also favours the short over the long trajectories. As a result, the
dependence of the long trajectory attochirp on the band structure
should not affect experiments.
The pulse generated by the short trajectories has a chirp of
288 as/eV which corresponds to a group delay dispersion (GDD)
equal to 0.19 fs2 . The conversion is:
GDD{as2 } = {eV · as} × C{as/eV}.

(15)

In the presence of a linear chirp a transform limited pulse of
duration τtl (FWHM) is broadened to a duration [33] of,

(4ln2)2 GDD2
.
(16)
τc = τtl 1 +
τtl4
The shorter the pulse and the wider the spectrum, the more
severe it is affected by the chirp. As a result, as long as the chirp
cannot be compensated, there exists an optimum bandwidth that
generates the shortest pulse. The duration of the high-harmonic
pulse as a function of its bandwidth is shown in Fig. 9(b).
The shortest possible pulse with the given chirp is achieved for
2.5 eV bandwidth and lasts 1.02 fs (transform limit is 0.73 fs). So
far, our estimate has not taken into account how the harmonic
intensity changes with harmonic order, which determines the
actual bandwidth achievable in experiment. First experiments
have shown a strong drop of harmonic intensity with order [9].
This suggests that multi-eV bandwidths are hard to achieve in
ZnO, however a ∼2.5 eV FWHM seems possible corresponding
to the optimum bandwidth in Fig. 9(b). Therefore, by optimizing
material parameters and by going to wider bandgap materials,
it seems feasible to achieve sub-fs high-harmonic pulses from
solids. Wider bandwidths can also be achieved by excitation to
higher lying conduction bands [34] or lower lying valence bands.
For the electron, a higher conduction band can be accessed
through tunnelling when it reaches the edge of the Brillouin
Zone. The probability of such process depends on the bandgap
between the two conduction bands and on the field amplitude
at this time. For some crystal structures, the bandgap at the
edge of the BZ vanishes along some directions. Therefore, by
properly choosing the crystal and its orientation, excitation to
higher bands is possible.
VII. CONCLUSION
Our analysis has revealed that the current created through
the buildup of interband polarization between valence and conduction band during electron-hole recollision is the dominant
mechanism for HHG in solids for excitation by mid-IR lasers.
By using quasi-classical trajectory analysis, a simple classical
three step model can be developed which is similar to the three
step model of HHG in atomic gases. The similarity of HHG in
the gas and in the condensed matter phase has opened a path
to applying attosecond technology developed for atomic gases
to solids. The simple picture outlined in this article is intended
to serve as a help and guideline facilitating this process.
Our model presents a very simple approximation to the complex processes that can occur in solids. The next steps for a
more complete description of HHG in solids are clear. Sin-
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gle electron-hole pairs interact through the Coulomb potential,
which is neglected in our model. We expect that, in particular
during ionization and during recombination, electron-hole interaction will result in corrections. On the one hand the Coulomb
potential is expected to play a stronger role than in atomic systems, as electrons and holes are lighter in solids. Also, due
to lower laser intensities, the recollision velocities are smaller.
These effects are mitigated by many-body screening weakening
the electron-hole Coulomb interaction, but overall we expect
Coulomb interaction to play a more important role in solids
than in atomic gases. An even more complete approach might
become necessary at higher laser intensities, where two- and
multi-exciton effects will become relevant. Further, structural
properties of solids are encoded in the transition dipole moment,
whose k-dependence has only been approximated around the Γpoint in our investigation. In order to identify how the structure
of specific solids manifests in harmonic spectra, more complete
models for the transition dipole have to be used. Finally, we use
a band structure which neglects coupling between coordinate
axis, i.e. mixed derivatives of the bandgap are zero. As a result
the tensor properties of electron and hole mass are reduced to a
diagonal matrix. In solids with non-negligible mixed derivatives,
the laser field will also cause dynamics along the other coordinate axes, which can affect properties, such as the dependence
of HHG on the ellipticity of the driving laser polarization.
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Mr. Frasers received the McGill University Mobility Award and École Polytechnique Fédérale de Lausanne exchange scholarship.

Thomas Brabec received the M.Eng. degree in 1988 and the Ph.D. degree in
1992 in physics engineering from the Vienna University of Technology, Vienna,
Austria.
From 1992 to 1998, he was Research Associate in the Institute of Photonics,
Vienna University of Technology. After his Habilitation in 1998, he became an
Associate Professor at the Vienna University of Technology. In 2002, he became
a Professor in the Department of Physics, University of Ottawa, Ottawa, ON,
Canada, and the Canada Research Chair in ultrafast photonics. His research is
focused on light-matter interaction, ultrashort pulse physics, and dynamics in
many-body systems.
Dr. Brabec received the Austrian START Fellowship in 2000, Canada Research Chair in 2002, and a Steacie Memorial Fellowship in 2004.

