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Nonperturbative harmonic generation in graphene from intense midinfrared pulsed light
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In solids, high harmonic radiation arises from the subcycle dynamics of electrons and holes under the action of
an intense laser field. The strong-field regime opens new opportunities to understand and control carrier dynamics
on ultrafast time scales, including the coherent dynamics of quasiparticles such as massless Dirac fermions. Here,
we irradiate monolayer and few-layer graphene with intense infrared light to produce nonperturbative harmonics
of the fundamental up to the seventh order. We find that the polarization dependence shows surprising agreement
with gas-phase harmonics. Using a two-band model, we explore the nonlinear current due to electrons near
the Dirac points, and we discuss the interplay between intraband and interband contributions to the harmonic
spectrum. This interplay opens new opportunities to access ultrafast and strong-field physics of graphene.
DOI: 10.1103/PhysRevB.96.195420
I. INTRODUCTION

The interaction of intense light with atoms and molecules,
mainly in the gas phase, produces high harmonics. This
nonperturbative process occurs when electrons are pulled away
from their host atoms or molecules in the laser field and
accelerated back toward the host ion as the field reverses. If the
electron and ion recombine, they emit coherent high-energy
photons [1]. The success of strong-field physics for gas-phase
atoms and molecules has motivated a search for similar effects
in the solid state. Recently, high harmonic emission has been
observed from a range of solids [2–4], including ZnO [5,6],
silicon [7], and recently transition-metal dichalcogenides [8,9].
The observations are important because the high harmonics are
not only a unique source of radiation, they are also a new way
of studying material. Important for this paper, high harmonic
generation in the solid state opens the possibility of studying
the high-field response of novel materials and confined systems
of low dimensionality. Two-dimensional materials, in particular, exhibit unique electronic properties and quasiparticles,
including massless Dirac fermions in graphene.
Nonlinear optical properties of graphene have been an
active area of research recently, with demonstrations of perturbative processes including four-wave mixing [10] and thirdharmonic generation [11]. Beyond this, the nonperturbative,
strong-field regime has also been the focus of theoretical and
experimental work. Early studies predicted highly efficient
high harmonic generation due to the motion of carriers in the
unusual band structure of graphene [12,13], and subsequent
theoretical work has revealed the importance of the subtle
interplay between interband and intraband processes [14–17].
Meanwhile, there have been predictions of new effects in the
strong-field regime for wavelengths from the terahertz (THz)
to the optical part of the electromagnetic spectrum, including
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ultrafast interferometry and signatures of Berry phase [18], as
well as a recent prediction of plasmonic enhancement of high
harmonic generation [19]. Experimentally, the strong-field
regime has been studied in the THz regime, showing evidence
of odd harmonics up to the fifth order [20,21], in agreement
with theory [14,15,22].
Here, we measure the intensity and polarization dependence
of nonperturbative harmonics generated in monlayer and
few-layer graphene. We compare the polarization dependence
with predictions of the gas-phase re-collision model, showing
striking agreement. Using a two-band model, we consider the
contributions of interband and intraband currents. While the intraband contribution is greater, we discuss the possibility of observing their coherent interplay due to an intensity-dependent
phase difference. This opens a new route to experimentally
accessing strong-field and ultrafast processes in graphene.
Graphene consists of a single atomic layer of carbon
arranged in a honeycomb lattice. Its crystal structure, together
with the sp 2 bonding of its constituent atoms, leads to the
unique band structure shown in Fig. 1(a). The out-of-plane p
orbitals, treated here within the nearest-neighbor tight-binding
model, give rise to a zero band gap and linear dispersion at the
K and K  points (also known as Dirac points) in reciprocal
space [23], shown as different colored stars in Fig. 1(b). In
the so-called Dirac cones near these high-symmetry points,
electrons and holes act as massless Fermions,
with a constant
√
velocity (the Fermi velocity) of vF = 3at0 /2h̄, where a =
2.46 Å is the lattice constant, and t0 = 2.9 eV is an energy
describing hopping between nearest neighbors [24]. A small
gap, less than 1 meV, is present as a result of spin-orbit
coupling [25]. Figure 1(c) shows the velocity of electrons in the
conduction band. Near the Dirac points, the electron velocity
points radially outward with a nearly constant magnitude. The
coupling between bands in the optical field is given by the
transition dipole moment, shown in Fig. 1(d), which diverges
at the Dirac points and has opposite curls for the K and K 
points [26].
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FIG. 1. (a) Band structure of graphene within the nearestneighbor tight-binding approximation. Conduction and valence bands
are shown in blue and red, respectively. (b) Reciprocal space, with
reciprocal lattice sites shown as circular dots, including the  point
at the origin. Dirac points are indicated by stars, with different
colors for the inequivalent K and K  points. The dotted line shows
the boundary of the first Brillouin zone. (c) Electron velocity in
the conduction band, as a function of reciprocal space coordinate.
Color represents the magnitude of velocity, and arrows indicate its
direction. (d) Transition dipole moment as a function of reciprocal
space coordinate. Color shows the magnitude on a logarithmic scale,
and the direction is indicated by arrows. Unless otherwise indicated,
we use atomic units.
II. EXPERIMENTAL DETAILS

Two sets of samples were prepared for the measurements:
multi- and single-layer graphene. For the multilayer samples,
graphene was mechanically exfoliated from bulk graphite onto
a layer of polymethyl methacrylate (PMMA) and characterized
by atomic-force microscopy yielding thicknesses in the range
of 5–15 nm. Subsequently, the graphene flakes including the
PMMA support were transferred onto the sapphire target
substrate [Al2 O3 , c plane (0001) with a thickness of 500 μm]
and the PMMA removed with acetone. Single-layer graphene
samples were prepared from commercially sourced chemical
vapor deposition–grown graphene on copper foil. Using
PMMA as a support, the copper foil was etched away and
the PMMA graphene stack transferred to the 500-μm-thick
sapphire target substrate. The PMMA supporting layer was
then removed with acetone.
Our measurements were performed on the 100-Hz repetition rate laser at the Advanced Laser Light Source. We
generated harmonics using femtosecond pulses with central
wavelengths between 3.1 and 3.9 μm. The pulse duration
was 70 fs, and pulse energies were between 3 and 16 μJ.
The Rayleigh length was 8–10 mm. In order to avoid
damage and to increase signal during the experiments, we

FIG. 2. (a) Harmonic spectrum from few-layer graphene with a
driving wavelength of 3.6 μm, intensity of 5.5 × 1011 W/cm2 , and
beam diameter of 100 μm. The ratio of the fifth-harmonic intensity
to the seventh is approximately 50. (b) Harmonic spectrum from
single-layer graphene with a driving wavelength of 3.1 μm, intensity
of 5.7 × 1010 W/cm2 , and beam diameter of 500 μm. Vertical lines in
the background indicate the expected wavelengths of odd harmonics.
(c) Intensity scaling for fifth and seventh harmonic of few-layer
graphene, showing nonperturbative scaling for both. Solid lines show
theory, scaled by an arbitrary factor for each harmonic. The actual
ratio predicted by theory is indicated by the vertical dashed line.
(d) Fifth harmonic of few-layer and monolayer graphene at equal
driving wavelengths of 3.1 μm, showing a broadened peak for the
few-layer sample. Intensities are equal to those of panels (a) and (b),
respectively.

moved the monolayer sample 4–5 centimeters in front of
the focus. This allowed us to increase the pulse energy for
a given peak intensity by increasing the beam width at the
sample. Pulse intensities were in the range of 5.7 × 1010 to
5.5 × 1011 W/cm2 . The latter is found to be just below the
threshold for damage. All reported intensities in this paper
refer to vacuum intensities.
III. RESULTS AND DISCUSSION

Figure 2(a) shows a harmonic spectrum covering the
fifth and seventh order acquired from few-layer graphene
with a driving wavelength of 3.6 μm and an intensity of
5.5 × 1011 W/cm2 . Figure 2(b) shows the harmonic spectrum
near the fifth harmonic from a single layer of graphene
with a driving wavelength of 3.1 μm and an intensity of
5.7 × 1010 W/cm2 . Figure 2(c) shows the intensity of emitted
harmonics as a function of the intensity of the incident
fundamental. Solid lines show the theoretical prediction of the
two-band model, described in more detail below. Theoretical
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and intraband current densities, jer and jra , are then given by

d
p(K,t)dK
(1)
jer =
dt BZ
and
jra =

 
m=v,c

FIG. 3. Normalized fifth-harmonic intensity as a function of
ellipticity of incident pulse for few-layer and monolayer graphene.
The dashed line shows the harmonic intensity dependence expected
for high harmonic generation in neon gas for a driving wavelength of
3.2 μm and an intensity of 5 × 1011 W/cm2 .

fits for the fifth and seventh harmonic are each scaled by an
arbitrary factor. The predicted ratio between these harmonics
is indicated by the vertical dashed line, which shows that our
theory underestimates their difference. Theory and experiment
both show nonperturbative scaling roughly characterized by a
power law (∝ I 2 ).
The harmonic peaks are broader in the few-layer sample
compared to the monolayer, as shown in Fig. 2(d), where
monolayer and few-layer sample results are compared at the
same driving wavelength; the full-width at half maximum
of the fifth harmonic peak increases from 24 to 44 nm.
We attribute this to self-phase modulation, which causes
a distortion of the driving pulse as it propagates through
the few-layer graphene. The nonlinear index of few- and
single-layer graphene has been estimated to be in the range
of 10−7 to 10−9 cm2 /W [27–30]. The broadening we observe
is consistent with a large nonlinear index on the order of
10−9 cm2 /W (see Appendix A).
In all cases, we observed a clear dependence on ellipticity
of the incident pulse, with harmonic intensity falling by more
than one order of magnitude for an ellipticity parameter of
0.5 relative to the response to linear polarization (Fig. 3).
Measurements of ellipticity dependence were performed with
incident pulse energy held constant. For comparison, the
dashed line shows a representative calculated curve for gasphase harmonics for the same wavelength and intensity as
we used in our experiment [31,32]. It is striking that the
decay of the harmonic intensity with ellipticity in graphene is
very similar to what is expected for gas-phase high harmonic
generation.
While a sixfold symmetry is expected for the dependence
of harmonic generation on the angle of linear polarization with
respect to the crystal structure, no dependence was observed
experimentally. This may reflect the high degree of rotational
symmetry in the band structure in the vicinity of the Dirac
points, as described in the simulations presented below.
To assist interpretation of our results, we use a semiclassical
model of high harmonic generation. The polarization, p(K,t),
and valence and conduction band populations, nv,c (K,t), in
the transformed frame K ≡ k − A(t) [where A(t) is the vector
potential] are found by solving a pair of coupled differential
equations, as described in detail in Refs. [33,34]. The inter-

nm (K,t)vm (k)dK,

(2)

BZ

where vm (k) = ∇k Em (k) is the carrier velocity in each band,
and the integrals are taken over the first Brillouin zone, BZ.
The coherent sum of these oscillating currents can account for
the generation of high harmonics. Our approach is similar to
recent density-matrix calculations for the strong-field response
of graphene [14–17], which have primarily focused on the THz
regime. In our calculations, we treat the case of a Fermi level
at the Dirac point, since expected variations in the Fermi level
do not have a significant effect on the predicted high harmonic
spectra (see Appendix A). Our calculations focus on monolayer graphene, while our experiments were performed on both
monolayer and multilayer graphene samples. We therefore do
not consider here the effects of graphene multilayers, where
the band structure is somewhat altered [35,36].
Figure 4(a) shows the average conduction band occupation
for the entire Brillouin zone as a function of time, with the
laser field also plotted (green line). The population transfer
from valence to conduction band generally follows the pulse
envelope. In addition to this smooth transfer of population,
however, sharper small steps can be seen, at a frequency
corresponding to half of the laser cycle. These rapid steps in
population transfer contribute to the generation of harmonics
and can be considered as analogous to plasma harmonics in
the gas phase [37]. They contribute to the intraband current
through nm (K,t) in Eq. (2).
The conduction band population in reciprocal space at the
end of the pulse [Fig. 4(b)] shows that population is transferred
primarily at the Dirac points. Populations of electrons and
holes also respond to the laser field by moving in reciprocal
space, following the vector potential. The field of the pulse first
induces a polarization within the graphene, tightly centered at
the K and K  points, which causes a transfer of population from
valence to conduction band. The resulting electron population,
also centered at the K and K  points, oscillates in the laser
field, following the vector potential. The hole population in the
valence band oscillates in precisely the same way. As carriers
move in reciprocal space and cross the Dirac points, their
velocities rapidly switch between approximately ±vF , which
also contributes to the intraband harmonic spectrum.
The interplay between the population dynamics and nonlinear motion in the energy bands gives rise to the simulated
harmonic spectrum shown in Fig. 4(c). Blue and red curves
correspond to the interband and intraband contributions,
respectively, as defined in Eqs. (1) and (2). The intraband contribution dominates throughout. However, unlike in the case of
THz drivers [14], there is a non-negligible contribution from
the interband currents, which opens the possibility to observe
an intensity-dependent interference between interband and
intraband contributions [Fig. 4(d)], in an analogous manner
to the long and short trajectories in gas-phase high harmonic
generation [38,39]. Furthermore, the relative strength of the
two contributions is found to be sensitively dependent upon
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FIG. 4. Simulation of harmonic generation in single-layer graphene, for a linearly polarized pulse oriented along the y axis. (a) Total
conduction band population as a function of time (red line and shaded area). As a reference, the green line shows the electric field of the optical
pulse. (b) Conduction band population at the end of the pulse as a function of reciprocal space coordinate. (c) Simulated harmonic spectrum
with intraband (red) and interband (blue) components shown separately. λ = 3.1 μm, I0 = 1011 W/cm2 , and T2 = 2 fs. (d) Phases of intraband
and interband components for the fifth- and seventh-harmonic order as a function of incident intensity. (e) Intensities of intraband and interband
components for the fifth- and seventh-harmonic order as a function of the dephasing time constant, T2 .

the dephasing time, T2 , which is expected to be on the order of
one or a few femtoseconds [see Fig. 4(e)]. This shows that high
harmonic experiments in the midinfrared open new opportunities to access ultrafast and strong-field physics of graphene.
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Research under Award No. FA9550-16-1-0109 and FA955015-1-0037.

IV. CONCLUSION

In conclusion, we have experimentally observed nonperturbative harmonic generation from monolayer and few-layer
graphene up to the fifth and seventh order, respectively,
using driving wavelengths of 3–4 μm. The dependence of
harmonic emission upon incident ellipticity is similar to what is
predicted for gas-phase high harmonic generation for the same
wavelength light. In our experiments, harmonic generation is
limited by damage at high intensities. The damage threshold of
graphene can be increased by using a suitable substrate, such
as hexagonal boron nitride [40]. This suggests a way to extend
harmonic generation to higher orders in future experiments,
which will allow new probes of the generation mechanism [6]
and of electronic structure [3,41].
Nonperturbative harmonic generation in graphene from
midinfared pulsed light opens new possibilities for studying,
and ultimately controlling, the dynamics of massless Dirac
fermions in the strong-field regime. Based on our results,
we expect an experimentally observable coherent interplay
between interband and intraband generation mechanisms.
The coherent control of carrier populations in graphene’s
unique band structure holds promise for ultrahigh-speed
electronics [42] and optoelectronics [43,44]. Finally, we note
that nonperturbative harmonic generation in a single atomic
layer also suggests the possibility of applying high harmonic
generation to the field of surface science.
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APPENDIX A: SPECTRAL BROADENING AND
FERMI-LEVEL VARIATION

In order to understand the effect of self-phase modulation
on the harmonics generated in few-layer graphene, we consider
the propagation of the fundamental in 5 nm of graphene, at an
intensity of 1011 W/cm2 . The simulation is the same as the one
presented in the main text, except that the fundamental field is
distorted by its propagation in the graphene. We found that a
nonlinear index of n2 = −0.5 × 10−9 cm2 /W reproduces the

FIG. 5. Simulated fifth-harmonic spectrum in the absence of selfphase modulation, representing a graphene monolayer (black), and
including self-phase modulation, representing few-layer graphene
(blue). A few-layer graphene thickness of 5 nm of graphene and
a nonlinear index of n2 = −0.5 × 10−9 cm2 /W are assumed.
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FIG. 6. Effect of Fermi level on high harmonic spectrum. (a),
(b) Valence and conduction bands near a Dirac point, illustrating the
filling of levels up to a Fermi level of 0 and 500 eV, respectively.
(c) Calculated interband and intraband spectra for the Fermi levels
shown in (a) and (b).

spectral broadening in the fifth harmonic of about a factor of
2 observed in experiments, as shown in Fig. 5. The spectral
broadening is independent of the sign of n2 ; however, recent
measurements (e.g., Ref. [31]) show that it is negative.
To address the role of variations in the Fermi level caused
by unwanted charge traps in the substrate, we calculated the
spectrum for two different Fermi energies, 0 and 500 meV,
illustrated in Figs. 6(a) and 6(b), respectively. The resulting
spectra, shown in Fig. 6(c), are not significantly different,
which indicates that charge-trap-induced variations of the
Fermi level do not significantly affect the interpretation of
our results.
APPENDIX B: COMPUTATIONAL DETAILS

FIG. 7. Example of a grid determined by Eq. (B4), for NK = 8
and Nθ = 6. Black lines show polygons which define the elements
of area, and blue points show their centroids, where the differential
equations are evaluated.

bands; sm is −1 or +1 for the valence and conduction band,
respectively; S is the classical action; and π determines the
polarization, p, through
p(K,t) = d(k)π (K,t)eiS(K,t) + c.c.

This model is described in detail by Vampa et al. in
Refs. [27,28].
We treat a two-dimensional reciprocal space in the vector
potential frame. A single reciprocal space unit cell, containing
one K point and one K  point, is divided into a finite number
of polygons of unequal areas. The vertices of the polygons are
defined using the equation
Kij = KK,K ∓ [κij sin(θj + ),κij cos(θj + )],
where
θj =
and

For numerical simulations, we used a quantum-mechanical
two-band model in which polarization and band populations
are coupled through the differential equations,
π (K,t)
π̇ (K,t) = −
− i(K,t)w(K,t)e−iS(K,t) ,
T2

(B1)

ṅm (K,t) = ism ∗ (K,t)π (K,t)eiS(K,t) + c.c.,

(B2)

where m ∈ {c,v} labels the conduction band or valence band,
respectively;  = d(k) · F(t) is the Rabi frequency, with d the
transition dipole moment and F the electric field strength;
w ≡ nv − nc is the population difference between the two

(B3)

π
3




2j
−1 ,
Nθ



(sec θj − 1)i 2
2π i 2
κij =
1+
.
3aNK2
NK2

(B4)

(B5)

(B6)

The alternate signs in Eq. (B4) refer to √the K and K 
points, respectively, located at KK,K  = (2π/ 3a, ± 2π/3a).
The indices are i ∈ {0,1, . . . ,NK } and j ∈ {0,1, . . . ,Nθ }. The
numbers NK and Nθ determine the grid density. The angle 
takes three values,  ∈ {0,2π/3,4π/3}. The resulting grid is
shown in Fig. 7, where polygons are shown in black. The
differential equations, (B1) and (B2), are evaluated at the
centroid of each polygon, shown as blue points in Fig. 7.
For the simulations presented in the paper, we used NK = 24
and Nθ = 27.
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Because of its vanishing band gap, graphene exhibits a
divergent transition dipole moment at the K and K  points,
as shown in Fig. 1(d). In order to address the computational
difficulties that this divergence poses, we artificially limit the
transition dipole moment by opening a fictitious gap of 10 meV,
which creates an upper limit of approximately 60 atomic units.

Since this gap is smaller than the important energy scales, it
does not have a significant effect on our results. We establish
this by checking for convergence of our simulation with respect
to a shrinking gap. A smaller gap can be used, at the cost of
longer computation time. We also check for convergence with
respect to grid dimensions and density of time steps.
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